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Abstract

Various papers have been written on the theory of circulant
graphs®®8919 Also graphs with circulant adjacency matrices is
discussed in’. Circulant graphs have important applications to the theory
of designs and error correcting codes®2. This paper is a study of
relationship between circulant graphs and binary linear codes. It
establishes a strong connection between directed circulant graphs and
binary cyclic codes . Each binary cyclic code corresponds to an
equivalence class of directed circulant graphs. Circulant graphs
associated with combination of cyclic codes is also discussed.
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1. Introduction

Circulant graphs is a special class of
Cayley graphs. Various papers have been
written on the theory of circulant graphs®689.19,
It is interrelated with many branches of
mathematics outside graph theory. For example,
for geometers, circulant graphs are known as
star polygons®*. Circulant graphs have been used
to solve problems in group theory! as well as
number theory and analysis®. They have
important applications to the theory of designs
and error correcting codes'?. This paper is a
study of relationship between circulant graphs

and binary linear codes. It establishes a strong
connection between directed circulant graphs
and binary cyclic codes. Each binary cyclic
code corresponds to an equivalence class of
directed circulant graphs. Circulant graphs
associated with combination of cyclic codes
is also discussed.

2. Basic Concepts :

Agraph Gisa pair G = (V,E) consisting
of a finite set V and a set E of 2-element
subsets of V. The elements of V are called
vertices and the elements of E are called
edges. Two vertices u and v of G are said to
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be adjacent if there is an edge e = (u,v) € E.
Two edges are said to be adjacent if they have
a common vertex. A directed graph or
digraph consists of a finite set V of vertices
and a set A of ordered pairs of distinct vertices
called arcs. If the ordered pair (u,v) is an arc
a we say that arc a is directed from u to v.

2.1. Definition [2] :

Let G bea group and S be a subset of
G\{e}. We say that a graph X is a Cayley
graph of G with connection set S written as
X =Cay(G S) if
MHV(X)=G
(i) AX)={(9,50): e G&seS}

2.2. Definition [1, 10] :

Let Z, denote the additive group of
integers modulo n and let ScZ,\{0). If X=Cay

(Zn, S), then we say X is a circulant graph
of order n.

2.3. Definition [2]:

The adjacency matrix of a directed
graph X is the matrix A (X) with rows and
columns indexed by vertices of X. Each entry

A is equal to the number of times the arc (i, j)
appears in X.

The adjacency matrix of a circulant
graph has a pleasing nature : each row is the

cyclic shift of the preceding row. If (aj, as,
............ ap) is the first row, then (an, ai,
............ an-1) is the second row (an.1, an,
............ an-2) is the third row and finally (ay,
- U , a1) IS the nth row.
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If F represents the binary field, thenF"
the set of all n-tuples of F is an n-dimensional
vector space over F. Ak-dimensional subspace
of F" is called an [n,k] binary linear code C.
A Dbasis of C consists of k linearly independent
binary n-tuples. The matrix G formed by the
basis vectors is called a generator matrix of
C.The elements of C are called code words
and are linear combinations of the rows of the
generator matrix G. Since a vector space can
have many basis, a code C has many generator
matrices.

2.4. Definition [11]:
An [n,k] code C is called cyclic if

whenever x=(ag, a1, ... ..--..... an1) isinC, so
is its first cyclic shift y=(an.1, a1, ...-.. ... an_z).
This means that (an-2, an-1, ------ an-3)

the first cyclic shift of y and all other cyclic
shifts of y are also in C. When considering cyclic

codes it is useful to let a vector (ao, ag,..., an_l)
corresponds to a polynomial ap+ a;x + ...... +
an.1 X", Then (an-1, ao, -..-,an-2) corresponds
to apgt+ agX + ...... + anoX™L, This polynomial
equals the polynomial (ag+ aix + ...... + an1
x"™x  (modulo x"-1). Hence the cyclic shift

corresponds to multiplication by x. If F[x]
represents the ring of polynomials over F, then

the set R,= —-]

<xM-1>
F of degree less than n is a ring. Polynomials in
Rn are added co-ordinatewise and multiplication
is modulo (x" - 1). The following theorem give
an insight into the structure of cyclic codes.

consists of polynomials over

2.5. Theorem [ 11] :

A set of elements S inR,, corresponds
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to a cyclic code if and only if Sis an ideal in
Rn.
2.6. Theorem [11] :

Ry is a principal ideal ring. If C is an
ideal in R, and g(x) is the monic polynomial of

smallest degree in C, then g(x) is uniquely
determined and C = <g(x)>.

The unique monic polynomial g(x) of
smallest degree in C is called the generator
polynomial of C. To find the generator
polynomial we make use of the following
theorem.

2.7. Theorem [11] :

If C is anideal in Ry, the unique monic
generator g(x) of C of smallest degree divides
(x"=1) and conversely if a polynomial g(x) in
C divides (x" — 1), then g(x) has the lowest
degree in <g(x)>.

When considering binary cyclic codes,
we here assume that n is of the form 2™-1.
Note that when n is odd x" -1 has distinct
factors. There is a nice relationship between
the dimension of a cyclic code and the degree
of its generator polynomial.

2.8. Theorem [11] :

If the degree of g(x) is n-k, then the
dimension of C = <g(x)> is k. if g(x) = g, +
O1X + gaX? + v, + gniX™X, then the
generator matrix of C is

9o 9192 9n-r 0 O
0 goglgn k-~ 19n k 0

0 O 0 gn—k
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Thus the generator matrix of C is the
matrix whose first row is g(x) and the second

row is g(x)x, the third row is g(x)x............
until the last row g(x)x*. That is g(x) and its

k-1 cyclic shifts. We now establish a relationship
between circulant graphs and cyclic codes.

3. Equivalence of circulant graphs and
cyclic codes :

As it is stated earlier, the adjacency
matrix of a circulant graph is always a cyclic
nxn matrix. In fact, if A is the adjacency matrix
of a circulant graph X = Cay(Z,, S) with its
first row ry is having 1 in the iy, iz,......... i th
positions and 0 in the remaining positions then
the connection setis S = {iy, ip,......... i} and
therefore (1,13 +1), .......... , (1, ix+1)arearcs
in X sothatiy +1,........ i, + 1 ™ positions of
the second row r; are 1 and the remaining
positions 0. This is clearly the first cyclic shift
of ry. Similarly r3 is the second cyclic shift of
r. and so on. Also there is a one to one
correspondence between circulant graphs and
binary cyclic n x n matrices other than those
with leading element 1. We make use of this
relationship to prove the equivalence of
circulant graphs and cyclic codes.

3.1. Theorem :

If C is a binary cyclic code of length
n, then C corresponds to a circulant graph on

Z,. Conversely if X = Cay(Z,, S) isa circulant
graph on Z,, then X corresponds to a cyclic
code.

Proof :
Let C be a cyclic code of length n. If
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g(x) is its generator polynomial, then g(x)/x"™-1.
Let g(x) = g, + giX + GoX* + ....... + gnaX™.
To the kxn generator matrix G, adjoin the
remaining n-k cyclic shifts to get the nxn matrix

90 9192 gn-k 0 0
Q g0g1gn—k—1gn—k Q
9.1 gn.—k
9o Gn-k-1

00 9o
00 0

A= 0
In-k

g1 9293 0 0 9o

Choose any row rj having its first
element 0. Let B be the nxn matrix formed
with r; as the first row and remaining rows the
n-1 cyclic shifts of r;.

Since each row of A is a row of B
and vice versa, and that C consists of linear
sums of rows of A, it can be generated by B.
Now B is a cyclic n x n binary matrix with
leading element O, hence form the adjacency
matrix of a circulant graph

Conversely, let there be a circulant
graph X = Cay(Z,, S). If A is the adjacency
matrix of X, then A is a cyclic nxn matrix with
leading element 0. Let C be the row space of
A. The first row ry corresponds to a
polynomial k(x) of degree <n-1. The remaining
rows are xk(x), x2k(x),......... XTK(x).. We
prove that C is a cyclic code. Let s(x)  C.
Then s(x) is a linear combination of these
polynomials

s(X) = agk(x) +aixk(x)+ az X2k(X) +......... +
an1 X"Kk(X).
Then
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xs(x) = agxk(x) +ag X2 K(X)+ ......... +an1 K(X)
(mod (x"-1))
= ana k(X)+ag X K(X)+ ......... + an2 X" k(X)

This means that the first cyclic shift of s(x)
can be generated by the rows of A.
Consequently the second cyclic shift and all
the remaining cyclic shifts can be generated
using the rows of A. Thus s(x) and all its cyclic
shifts belong to C, hence C is a cyclic code m

Note that the correspondence mentioned
in the theorem is not a one to one correspon-
dence. However the relation that ‘two circulant
graphs are equivalent if and only if the cyclic code
representing both are equal’ is an equivalence
relation.

The following theorem is a useful way
to find the generator polynomial of the cyclic
code representing a circulant graph.

3.2. Theorem

Suppose X= Cay(Zn, S) be acirculant
graph. Let C = <k(x)>be the cyclic code
representing X. Then g(x)=gcd (k(x), x"-1) is
the generator polynomial of C and C =<g(x)>.
If g(x) has degree n — k, then dim C = k

Proof :

Let C = <k(x)> be the cyclic code
representing X. Then Kk(x) is the first row of
the adjacency matrix of X.We first prove that
k(x) is a linear combination of g(x) and its
cyclic shifts and that g(x) is a linear combi-
nation of k(x) and its cyclic shifts.

Since g(x)=gcd (k(x), x"-1), g(x)/ k(x).
Therefore k(x)=a(x) g(x) for some a(x)eR,. If
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a(x) = ap+ag X+ ap X2 +......... +ang X
we have

k(x) = a0g(x) +aixg(x)+ a» x°g(x)
Frvrrriann + an.1 X"g(x)

Thus k(x) is a linear combination of g(x) and
its cyclic shifts.Again, since

g(x) = ged (k(x), x"-1), by Eclidean algorithm,
g(x) = b(x) k(x) +a(x) (x"-1) in F[x], hence
g(x) = b(x) k(x) in Rp. If

b(X) = bo+hax+hax?+......... +brg X", we have

g(x) = bok(x) +bixk(X)+ by X2k(X) +......... +
bna X" k(x), thus g(x) is a linear combination
of k(x) and its cyclic shifts.Therefore C =
<g(x)>. Since g(x) / x" - 1, Theorem 2.7
guarantee that g(x) is the generator polynomial
of C. Finally, if g(x) has degree n — k, by
Theorem 2.8, C has dimension k Il

3.3. Example :
Consider the circulant graph X = Cay

(Z7 {3,5}). The adjacencymatrix of X is

0 0 0 1 0 1 O
0 00 0101
1 000 0 10
0100 o0 01
101 0 0 0 O
01010 0O

0 0 1 0 1 o O

The polynomial represented by X is k(x) = x*
+x°=x3(1+x3)=x3(1+x)>
We know

X' =1=(1+x)(1+x+x3)(1+x%+x%)

201

Therefore ged (k(x), X" — 1) =1 + x. Hence X
corresponds to the cyclic code C = <1 + x>.
Since the degree of the generator polynomial
is 1, dimension of the code is 6 W

3.4. Example :

Consider the circulant graph X = Cay
(Z15, {2,4,7,9}). The polynomial represented
by X is
k(x) = x%+ x” + x* + x?

=x2(x+ 1) (x* a3+ X2+ x + 1)
We have
xPo1=(x+ )2+ x+ 1) (x* +x3+ 1)(x* + x
+1) (x* + x® +x% + x + 1). Therefore
ged(k(x), x®=1) = (x+ 1) (x* +x3 +x% + x + 1)
=x>+1

Thus g(x) = x°> + 1 is the generator
polynomial of the corresponding code. Since
the degree of g(x) is 5, dimension of the code
is10 M

We now seek a condition under which
the cyclic code corresponding to one circulant
graph becomes a subset of another.

3.5. Theorem :

Suppose X=Cay(Zy, ki(x)) corresponds
tothe code C; and Y=Cay (Zy, k2(X)) corresponds

to the code Co,. If ka(x) / ky(X), then C; — C,.
The converse is not however true.

Proof :

If g; and gy are the generator polynomials
of C; and C,, then
01(x) = ged (ki(x), X" -1) and ga(x)
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= ged (ko(x), x" -1). Suppose ka(x) / ki(x),
then ky(x)= a(x) ka(x). Now ged (ka(x), X" -1)
/ gcd (kq(x), X" -1). That is g2(x) / g1(x), hence
C,; < C, The converse is not however true.

For example
Let

X=Cay (Z7, {1,2}) and Y=Cay (Z7, {2,3,6})
Here
ki(x) = x + x2and ka(x) = x>+ x3+ x®

g1(x) = (1 + x) and g2(x) = 1. Therefore
C1 [ C2 but kz(X) kl(X) [ |

We shall now investigate the circulant
graphs corresponding to the intersection of the
cyclic codes and sum of the cyclic codes
representing two different circulant graphs.
For this we require the use of the following
theorem.

3.6. Theorem [11] :

Let C; and C; be cyclic codes with
generator polynomials g;(x) and g,(x), then Cy
M C, has generator polynomial g(x) = Icm
(91(x), 92(x)) and C; + C, has generator

polynomial ged (g1(X), 9,(X)).

1.4. Theorem:

Suppose that a cyclic code C; corresponds
to a circulant graph x = Cay(Z, ki(x)) and C,
corresponds to the circulant graph Y = Cay
(Zn, kao(x)), then C; n C, corresponds to Z =
Cay (Zn, k1(x) ko(x)) and C; + C, corresponds
to U = Cay (Zy, gcd (ki(x), ka(x))

Proof :
Let g; and g, be the generator polynomials
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of X and Y respectively. Then
g1(X)=ged (kq(x), X™1) and go(x)=ged (ko(X), X"-1).

Using Theorem 3.6, C; n C, has generator
polynomial
g(x)=lcm (gcd (ky(x), x"-1), ged (ka(x), x"-1)).

We claim thatthis is equal to gcd
(k1(X)ka(x), x" -1). Since n is odd, we know
all the factors of x" — 1 are distinct. Therefore
the factors of ged (ki(X)ka(x), x" - 1) are all
distinct. They can be classified into 3 groups

u : factors of x" -1 in ki(x) but not in ka(x)
v : factors of x" -1 common to both kj(x)
and ka(x)

w: factors of x" -1 in ky(x) but not in ki (x)

Thus
ged (ki(X)ko(x), X"-1)=uvw
Now
ged (ki(x), X" - 1)=u v and gcd (ka(x),

X"-1)=vw

Since ged (u, v) = ged (v, w) =ged (u, w) =1
and that each of u, v, w has distinct factors, it
follows that

lcm (ged (ki(x), x" -1), ged (ko(x),
x"-1)) =u v w. Thus

Icm (ged (ki(x), X" -1), ged (ko(x), X"
-1)) = ged (ka(x)ka(x), X" - 1)

Hence C; m C;corresponds to the circulant
graph Z = Cay (Z,, ki(x) kao(x)).

Again by Theorem 3.6, C; + C, has
generator polynomial gecd (ged (ki(x), X" -1),
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ged (ka(x), X" -1)). We claim that this is equal
to gcd (ki(x), ko(x), x"-1). If q(x) divides gcd
(ged (ka(x), x"-1), ged (kz(x), X" -1)), then g(x)
divides both ged (ki (x), x" -1) andged (ka(x),
x" -1). This implies q(x) divides ki(x), ka(X)
and x" — 1, hence divides gcd (ki(x), ka(x),
x™1). On the other hand if q(x) divides gcd
(k1(x), ka(x), x"-1), then it divides all of kq(x),
ko(x), and x" — 1. But then q(x) divides gcd
(k1(x), x" -1) and gcd (k2(x), x" -1), hence
divides gcd (ged (ki(x), x" -1), ged (k2(x),
x" -1)). Therefore C; + C, has generator
polynomial gecd (ki(x), ka(x), X" -1) Since this
is equal to ged (ged (ki(x), ka(x)), X" -1), we
conclude that C; + C, corresponds to the
circulant graph U = Cay (Zn, gcd (ki(x),
ko(x)) H

3.8. Example :

Suppose X =Cay (Z1s, {3.4,5,8} and
Y =Cay (Z15,{5,6,8,9}). If C;and C, are the
cyclic codes representing these circulant
graphs, then C; n C, represents the circulant
graph Z = Cay (Z15, {1,2,8,13})and C; + C;
represents the circulant graph U = Cay/( Z3s,
{53})m
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