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Abstract

Let G = (V,E) be a connected graph. The litact graph
m(G) of a graph G is the graph whose vertex set is the union of the set of
edges and the set of cut vertices of G in which two vertices are adjacent
if and only if the corresponding members of G are adjacent or incident.
A dominating set D of m (G) is called a connected dominating set of
m (G) if the induced subgraph (D) is connected. The minimum
cardinality of D is called the connected domination number of m (G) and
is denoted by ¥, (G ). In this paper, we initiate a study of this parameter.

We obtain many bonds on ¥,,.(G) in terms of vertices, edges and
different parameters of G and not the members of m (G). Further we

determine its relationship with other domination parameters.
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Introduction

The graph G=(V,E); we mean a
finite,non trivial,undirected and connected
graph with neither loops nor multiple edges.
The number of vertices and edges of G are
denoted by and respectively. For graph theoretic

terminology we refer to?.

In general, we use (X) to denote the
sub graph induced by the set of vertices X and

N(v) and N[v] denote the open and closed
neighborhoods of a vertex v. The notations
@y (G)[ a,(G) is the minimum number of
vertices (edges) in a vertex (edge) cover of

G.Also Bo(G)[B,(G)]isthe maximum number
of vertices (edges) in a maximal independent
set of vertex(edge) of G.

The maximum degree of a vertex v is denoted
by A(G).

The concept of Litact graph of a graph
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was introduced by Kulli and Muddebihal®.

Let us now recall some standard
definitions from domination theory.

Let G=(V,E) beagraph.AsetD cV
is said to be a dominating set, if N[D]=V(G).
The domination number of G, denoted by y'(G),
is the minimum cardinality of a dominating set.

A set S ¢ E is an edge dominating
set, if every edge not in S is adjacent to atleast
one edge in S. The edge domination number
of G, denoted by ¥'(G), is the minimum
cardinality of an edge dominating set.

A set D is a total dominating set if for
every vertex v € V, there exists a vertex
U € D, u # v such that u is adjacent to
v. The total domination number of G, denoted

by ¥¢(G) is the minimum cardinality of a
total dominating set.

A connected dominating set D is a
dominating set whose induced subgraph (D)
is connected. The connected domination
number of a graph G, denoted by ¥,.(G), is
the minimum cardinality of a connected
dominating set. Similarly the connected edge

domination number ¥z (G) is the minimum
cardinality of a connected edge dominating set.
The domination number of m(G) is

denoted by Ym(G) and is the minimum
cardinality of a dominating set of m(G).

We, define the connected domination
number in litact graph as follows.

The dominating set D of m(G) is called
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connected dominating set of m(G) if the induced
sub graph (D)is connected. The connected
domination number equals the minimum

cardinality of D and is denoted by Vi (G).

In this paper, we obtain certain

bounds on ¥mc(G) in terms of vertices, edges
and other parameters of G. Also we determine
its relationship with other domination parameters
of G.

We need the following Theorems to
prove our later results.

Theorem® [A] : For any connected

(p.a) graph ¥'(G) < EJ :

Theorem* [B] : For any tree T of order
p with at leasttwo cut vertices Y, (T) = p

— 1 — n where n is the number of end
vertices in T.

Theorem* [C]: For any graph

G’[1+Z((;)] = V(G)'

2. Results

First we list out the exact values of
¥Yme(G) for some standard graphs.

Theorem 1:
a. For any path Py, with p>4 vertices

Yme (Pp) =p—3
b. For any cycle Cp,
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Vmc(Cp) =p—2
c. For any star Ky p,

Vime (Kl,p) =1
d. For any wheel W,

Vme (VVP) = ng

In the following Theorems, we obtain
the lower bound for Ve (G).

Theorem 2: For any non-trivial connected
graph G, y(G) < ¥ (G) + 1.

Proof: Let D be a minimal dominating

C={c1,Cpee e .. , Cn} be thesetof cut verticesin
G. Then the minimal set of vertices

D; € V[ m(G)] suchthat D, € S U C and
N[D;] = V[ m(G)]isthe minimal dominating
set in m(G). Further, if D, € V[ m(G)] — D,
and D, € N(D,), then we consider aset

D; c D, suchthatD5 U D, forms aminimal
connected dominating set in m(G). Then

clearly|D| € |D; U D, | + 1 which follows
Y(G) < Vinc(G) + 1.

Theorem 3: For any connected graph

G, ¥Ym(G) < Ve (G) .

Proof: Let D, = {v;\v; € V[m(G)]}
be the minimal dominating set in m(G). Also

let D, € V[m(G)]-D, and D, € N(v;)
V v; € D;. Further, we consider a sets
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D, c D, such that D} U D, forms a minimal
connected dominating set in m(G). Now, since
every connected dominating set is a dominating

set, we have |D;| € |D; U D, | which gives

Ym(G) < Vme(G) .

Theorem 4: For any connected (p,q)
p

graph, [m

G%P,P,.

< Ymc(G) Where

Proof : Suppose D; = {vy, V5, ...
...... , Ui}V vy, 1 < k < i be the minimal
set of vertices in m(G) such that N[D1] =
VI m(G)]. Also let D, = {v], v, ... ...
W, Ui}V vp, 1 < k < i, beasetof vertices
inmG)andD, € N(v;) V v; € D, suchthat
v; U v; forms exactly one minimal connected

path between every pairof vertices of D..
Thenclearly D, u D, is the minimal connected
dominating set in m(G). Further, let

F={u,uy, ... JUdVu,l<k<i
be the set of all non-end vertices in G, then
there exists at least one vertex u;, € F of
maximum degree A(G), such that

p
D,uUD,| > l—J
| 1 2| A(G) . Hence the result
follows.
Now if G = P,, P, then |[D; U Dy| =1,

and the fraction %J = 2. This contradicts

the result.
Theorem 5:For any (p,q) graph G with
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maximum degree A(G)

p
[m‘ — 1 < ¥Yme(G),

Proof: Let G(p,q) be any connected
graph with maximum degree A(G). Then by

Theorem [C] we have [ s < y(G).And

AG ))]

using Theorem1, we get [ < Ve (6) +1

(1+ A(G))l
which gives the result.

Theorem 6: If G is a connected graph,

diam(G) + 1 .
then — < ¥mc(G) provided

that G is not a tree with diam(T) = 3.

Proof: Let S = {ey, €5, v .. .. e}
be the set of edges in G which constitute the
diametral path in G. Clearly|S| = diam(G).
Now, without loss of generality, let D; be a
minimal dominating set in m(G) and

D, € V[m(G)] — Dy suchthatD, € N(D,).
Then if D, c D, such that (D, U D, ) is the
minimal connected sub graph of m(G) then
Dé U D, gives the minimal dominating set
in m(G). Further since S € V[ m(G)] and
D, U DyisaYmc set, the diametral path includes
atmost ¥,,,.(G) — 1 edges joining the neigh-
borhoods of the vertices of D, U D, . Hence
diam(G) < Ve (G) + ¥ (G) — 1 which

{diam(G) + 1‘

gives

< Ymc(G)-
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Now, suppose G be atree T with diam (T) = 3.
let e1, €2, and ez be the edges which constitute
the diametral path in T. Clearly e; is the only
non-end edge in T such that N[e,] = E(T) .
Thus the corresponding vertex €; = VU €
V[ m(T)] is such that N[v] = V[ m(T)].
Hence |D; u D,| = 1. Clearly diam(G) >
Yme(G) + Vme(G) — 1 which gives
diam(G) + 1
S
contradiction.

‘ > Yme(G) . which is a

The next two Theorems gives the

upper bound for ¥, (G) in terms of the
vertices of G.

Theorem 7: For any (p,q) connected
graph G, yme(G) < E] +2.

Proof: Let S = {e;, ey, v vv ... ,en}
be the minimal edge dominating set in G and

let C = {cq,Cqpeervnr v , Cp, } be the set of
cutvertices in G. Then SuU C € V[ m(G)].
Now, we consider a minimal set of vertices
D; € SUC in m(G) such that N[D;]=
V[m(G)]. Then Dy is the minimal dominating
set in m(G). Further let D, < V[m(G)]-D; and
D,eN(D1). Now if D; c D, such that
(D; U D3) is the minimal connected sub graph
of m(G) then D, U D, is the minimal connected
dominating set in m(G). since Sc V[m(G)] and
also by Theorem [A] we get |D; U D, |

= [g] + 2. Therefore Ymc(G) < [g] +2.
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Theorem 8: For any connected non-
trivial graph G, ymc(G)<p—m, where m is the
number of end vertices in G. Further the
equality holds for G = K ,,.

Proof : For diam(G) < 2 the result
is obvious. Hence we consider diam(G) = 3.

Now, letS = {v, Uy, wou vo. .. , Uy} bethe
set of end vertices of G WIth|S| = m. Now
let F < E(G) be an edge dominating set in G
and C = {cy,C9, v vue v ,Cp} be the set
of cut vertices in G. Then the minimal set of
vertices D; € V[ m(G)] where D; €ESUC

suchthat N[D;] = V[ m(G)] formsa minimal
dominating set in m(G). Here, we consider the
following cases.

Case 1: Suppose m = ¢ and we consider

Dy = {1, V3, v o .} such that V vj €
N(Dy); 1<i<j.ThenF ={v,vy oo, v} iS
afinitesetand F € D, . Clearly (F U D,)
is connected and F U D, is minimal connected
dominating set in m(G). Hence |F U D,| <
V(G) — |S| which gives ¥mc(G) <p—m

Case 2: Further if m = ¢ then there
exists at least one end vertex v;, 1 <i < p,
again we consider the finite set F and the set
D1, which gives (F U D,) which is connected.
Hence |F U D;| < V(G) — |S| which gives
Yme(G) <p—m.

Suppose G = kl,p , then we have

Yme (Kl,p) = 1 and p=m+1. Hence equality
follows.
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In the following Theorem, we relate

Vme (T) and yc, (T) .

Theorem 9: For any tree T; ¥mc(T)
=y:(T).

Proof: Suppose G is a Tree T. Let

I ={vy,v, ... .. ..., v} betheset of allend vertices
of T. Then the set F={e1, ez, ... ... ... , e} of all
the edges which are not incident to the vertices
of I, forms a connected edge dominating set
of T. Now without loss of generality the
corresponding set F generates the set of vertices
which forms a connected dominating set in
m(G). Hence clearly |D| = |F| which gives

Yme(T) = v (T) .

Theorem 10: For any non-trivial tree

T with S non-end edges Vi (T) =S where
S#¢

Proof: Let S be the set of non-end edges
in G. By Theorem 9 we have ¥mc (T) = v (T).
Now by Theorem [B], we know Ye(T)=p
— 1 — n. Since for a tree q=p-1, then y,: (T)
= q — n whichgives ¥ (T) =S. Finally we
get Ymc(T) = S.

The following Theorem relates Yimc(G)

and a;(G)

Theorem 11: For any connected graph
G, Yme(G) < 261’1(G).

Proof : Suppose S={ey, ey, ... ... ... , &}
be the set of all end edges in G. Then S U J
where | € E(G) — S be the minimal set of
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edges which covers all the vertices of G such
that |S U J| = a4 (G). Further let Dy={u;\u;
e V[m(G)]} be the minimal dominating set in
m(G). Now if D, = {u;\u; € N(u;) V u; € Dy}
such that u; U u; forms exactly a unique
minimal connected path between every pair
of vertices of Dy; then clearly D; w D is the
minimal connected dominating set in m(G).
Since V[m(G)]=E(G) u C (G) where C(G) is
the set of all cut vertices in G. But E(G)cV
[M(G)] such that S < V [m(G)] which gives
contribution to the set E(G) to represent twice
to the edge covering number in G. Hence
|D; U D,| < 2|8 U J| which gives ¥imc(G) <
2a,(G).

The next theorem relates ¥mc(G) and
7t(G) in terms of vertex covering number of G.

Theorem 12: For any (p,q) graph G,
Yme(G) +ve(G) > ao(6).

Proof : Let B={vy, V2, ... ... ... , Vi} be
a set of vertices in G such that |B|=a(G).
Further, let D be the minimal dominating set in
G. Suppose V1=V(G)-D and H < V; such that

H €N (D)inG. Then DUH is a total dominating
set in G. Now, consider a set F < E(G) be the

edge dominating setin G and C € V (G) be the
set of cut vertices in G. Thenthe set D; € F
U C in m(G) such that N[D1]=V[m(G)] is the
minimal dominating set in m(G). Again let
D, < V[Im(G)]-D1 and D, € N(D1). Then if
D; c D, suchthat (D, u D;) forms a minimal
connected sub graph of m(G), then D; U D,
is the minimal connected dominating set inm(G).

Hence clearly |D, uD;|U|D UH| > |B|
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which gives ¥,,.(G) + v:(G) > ay(G).

Theorem 13: For any connected
graph, ¥imc(G) < y(G) + ¢ (G).

Proof: Let D be the minimal set of
vertices in G such that N[D]=V(G) and
V'=V(G)-D. Also let HcV' and HeN(D). Then
(H U D) suchthatdegu; # 0,vu; EDUH
forms a total dominating set in G. Now, let
S € E(G) be the minimal edge dominating set
inGand C EV (G) be the set of cut vertices.

Then D1 € V[m(G)] such that Dy c Suw C
such that N[D1]=V[m(G)] is the minimal
dominating set in m(G). Further let D,
V[m(G)]-D1 and D, € N(D;). Then consider
asetD} c D, suchthat D; U D, is the minimal
connected dominating set in m(G). Hence
clearly |D, U D;| € |D| U |D U H| which
gives Ymc(G) < ¥ (G) +7:(G) .

Theorem 14: For any (p,q) graph G,

Tme(@) +7(6) < p+[Z].

Proof : Let B={vy, v, ... ... ... , Vi} be
the minimum number of vertices which covers
all edges of G such that |B|=cay. Further let D

bethey set of G. Suppose F={e, ey, ... ... ... , ek}
be the set of edges in G which forms a minimal
connected edge dominating set in G. Let

C € V(@) bethe set of cut vertices in G. Then
the set D; € V[m(G)] where D; cF w C such

that N[D1]=V[m(G)] is the minimal dominating
set in m(G). Further let D, < V[m(G)]-D; and
D, € N(D3) then if we consider a set D; c D,
such that (D, U D;) is the minimal connected
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