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Abstract

In this paper a fixed point theorem on n metric spaces is proved.
This theorem generalizes and extends the results obtained1-3 in from
three and four metric spaces to n metric spaces.
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1.  Introduction

Jain et al.1 introduced a related fixed
point theorem on three metric spaces. Luljeta
and Kristaq3 generalized it on three metric spaces
to four metric spaces. In this paper we shall
establish a more generalized fixed point
theorem on n metric spaces.

Throughout this paper the product

TnTn-1Tn-2............T1 is denoted by
n

1
iT .

2. Main results

We will give and prove our theorem
as follows:

Theorem 2.1:  Let (Xi, di), i = 1, 2,
3......n, and Ti : Xi Xi +1, i =1,2, 3......n-1with

Tn : Xn X1 be the n mappings satisfying the
following inequalities:
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for all xi  Xi, i = 1, 2, 3..........n and for which
gi(xi, xi+1)  0, i = 1, 2, 3.........n-1 with gn(xn,
x1)  0, where 0  c  1 and



536 Manoj Garg

f1(x1, x2)max.d1(x1,
 

n
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iT x1)dn(

 

1n
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iT x2, 
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1n
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iT
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
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1
iT  x1)dn-1(

 

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iT x2, 

 

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d1(x1, 
 

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1
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
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2
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3n

1
iT x1)...........

d1(x1, 
 

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1
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1
iT  x1).........................dn(xn,
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n
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
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d3(T2x2,
 

2

3
iT  x3)}.

g3(x3, x4)  max.{d3(x3,
 

2

4
iT  x4); d3(x3,
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2

3
iT

x3); d4(T3x3, 
 

3

4
iT x4)}.
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gn(xn, x1)max.{dn(xn,
 

1n

1
iT x1); dn(xn, 

 

1n

n
iT  xn);

d1(Tnxn, 
 

n

1
iT x1)}.

then 
 

n

1
iT  has a unique fixed point 1  X1,

 

1

2
iT   has a unique fixed point 2  X2...........

 

1n

n
iT  has a unique fixed n  Xn. Further T11

= 2, T22 = 3............. Tnn = 1.

Proof:  Let x1  X be an arbitrary point.
Define the n sequences Xin  of Xi, i = 1,
2...........n as follows:

xln= (
 

n

1
iT )n x1 ; x2n = T1 xln-1; x3n = T2 x2n

............... xnn = Tn-1 xn-1n   n  N.

       Assume that xln= xln+1, x2nx2n+1 ........xnn
 xnn+1  n  N. Otherwise, if xln= xln+1 for
some n, x2n+1=x2n+2, x3n+1= x3n+2 .............xnn+1
=xnn+2 and we could put xln=1, x2n+1=2, x3n+1
=3............xnn+1= n. If x2n=x2n+1 then x3n =
x3n+1, x4n=x4n+1.................xnn =xnn+1 and the
later equalities imply that xln =xln+1. In a similar
way if xn-1n =xn-1n+1 or xnn=xnn+1 then xln=xln+1.

Taking x3 = x3n-1, x2 = x2n in (1.2) we obtain:

d2(x2n, x2n+1) = d2(
 

1

3
iT x3n-1, 

 

1

2
iT x3n)  c  

 

)x,x(g
)x,x(f

1n3n22

1n3n22





= c max.{d2(x2n, x2n+1)d1(xln-1, xln); d2(x2n, x2n+1)dn(xnn-1, xnn); d2(x2n, x2n+1)
    dn-1(xn-1n-1, xn-1n)........d2(x2n, x2n+1)d3(x3n-1, x3n); d2(x2n, x2n)d3(x3n-2, x3n)}

         max.{d2(x2n, x2n); d2(x2n, x2n+1); d3(x3n, x3n)}
=  c max.{d2(x2n, x2n+1)[d1(xln-1, xln); dn(xnn-1, xnn); dn-1(xn-1n-1, xn-1n)............d3(x3n-1, x3n)]}

d2(x2n, x2n+1)
= c max.{d1(xln-1, xln); dn(xnn-1, xnn); dn-1(xn-1n-1, xn-1n)............d3(x3n-1, x3n)}
Thus d2(x2n, x2n+1)  c max.{d1(xln-1, xln); d3(x3n-1, x3n); d4(x4n-2, x4n)....................
dn(xnn-1, xnn)} (2.1)



d3(x3n, x3n+1)c max.{d2(x2n, x2n+1); d1(x1n-1, x1n);
d4(x4n-1, x4n); ....... dn(xnn-1, xnn)}
Using (2.1) we get
d3(x3n, x3n+1)  c max.{d1(x1n-1, x1n); d3(x3n,
x3n+1); d4(x4n-1, x4n).......dn(xnn-1, xnn)}     (2.2)

Continuing this process we obtain:

d4(x4n, x4n+1)c max.{d1(x1n-1, x1n); d3(x3n-1, x3n);
d4(x4n-1, x4n).......dn(xnn-1, xnn)}       (2.3)
..........................................
..........................................
dn(xnn, xnn+1)c max.{d1(x1n-1, x1n); d3(x3n-1, x3n);
d4(x4n-1, x4n).......dn(xnn-1, xnn)}        (2.n-1)
Taking x1 = x2n, x2 = x2n in (1.1) we obtain

Taking x4 =x4n-1, x3 = x3n in (1.3) we obtain :

d3(x3n, x3n+1) = d3(
 

2

4
iT x4n-1, 

 

2

3
iT  x3n)  c  

 

)x,x(g
)x,x(f

1n4n33

1n4n33





= c max.{d3(x3n, x3n+1)d2(x2n, x2n+1); d3(x3n, x3n+1)d1(xln-1, xln); d3(x3n, x3n+1)
    dn(xnn-1, xnn).................d3(x3n, x3n+1)d4(x4n-1, x4n); d3(x3n, x3n)d4(x4n-1, x4n)}

 max.{d3(x3n, x3n); d3(x3n, x3n+1); d4(x4n, x4n)}

= c max.{d3(x3n, x3n+1)[d2(x2n, x2n+1); d1(xln-1, xln); dn(xnn-1, xnn)......d4(x4n-1, x4n)]}

d3(x3n, x3n+1)

d1(x1n, x1n+1) = d1(
 

n

2
iT x2n, 

 

n

1
iT x1n)  c 

 

)x,x(g
)x,x(f

n2n11

n2n11

= c max.{d1(x1n, x1n+1)dn(xnn, xnn+1); d1(x1n, x1n+1)dn-1(xn-1n, xn-1n+1); d1(x1n, x1n+1)
      dn-2(xn-2n, xn-2n+1)...........d1(x1n, x1n+1)d2(x2n, x2n+1); d1(x1n, x1n)d2(x2n, x2n+1)}

                            max. {d1(x1n, x1n); d1(x1n, x1n+1); d2(x2n+1, x2n+1)}

= c max.{d1(x1n, x1n+1)[dn(xnn, xnn+1); dn-1(xn-1n, xn-1n+1) .............d2(x2n, x2n+1)]}

   d1(x1n, x1n+1)
d1(x1n, x1n+1) = c max.{dn(xnn, xnn+1);dn-1(xn-1n, xn-1n+1)...............d2(x2n, x2n+1)}

Using (2.1), (2.2)...................... (2.n-1) we get

d1(x1n, x1n+1)  c max.{d1(x1n-1, x1n);d3(x3n-1, x3n).................dn(xnn-1, xnn)        (2.n)
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Continuing this process by induction on inequa-
lities (2.1), (2.2).......... (2.n) we get the following
inequalities
d1(x1n, x1n+1)  cn-1{d1(x11, x12);d3(x31, x32);
d4(x41, x42).................dn(xn1, xn2)}.
d2(x2n, x2n+1)  cn-1{d1(x11, x12);d3(x31, x32);
d4(x41, x42).................dn(xn1, xn2)}.
.................................................
.................................................

dn(xnn, xnn+1)  cn-1{d1(x11, x12);d3(x31, x32);
d4(x41, x42).................dn(xn1, xn2)}.
Since 0  c  1, the sequence < xin >, i=1, 2....n
are Cauchy sequences. Again since each of
(Xi, di), i = 1, 2.........n is complete metric space
so, limn xin = i   i = 1, 2....n. Taking x1 =
x1n, x2 = 2 in (1.1) we obtain2,3 :

d1(
 

n

2
iT 2 , x1n+1) = d1(

 

n

2
iT 2, 

 

n

1
iT x1n)  c 

 

),x(g
),x(f

2n11

2n11



= c max.{d1(x1n, x1n+1)d2n(
 

1n

2
iT x2, xnn+1); d1(x1n, x1n+1)dn-1(

 

2n

2
iT x2,xn-1n+1);...........

                                  d1(x1n, x1n+1)d2(2,
 

1

2
iT  2); d1(x1n,

 

n

2
iT 2)d2(2, x2n+1)}

                                 max.{d1(x1n,
 

n

2
iT 2); d1(x1n, x1n+1); d2(x2n+1,

 

1

2
iT 2)}

Letting n   we get d1(
 

n

2
iT 2 , 1)  0

from which it follows that 
 

n

2
iT  2 = 1.

In a similar way, using the inequalities (1.2),

(1.3)......... (1.n) it can be shown that

 

1n

1
iT 1=n,

 

2n

n
iT  n=n-1.......

 

1

3
iT 3 =2.

Taking x3 =T22 and x2 =x2n  in (1.2) we obtain:

d2(
 

1

2
iT 2 , x2n+1) = d2(

 

1

2
iT 2, 

 

1

2
iT x2n)  c 

 

)T,x(g
)T,x(f

22n22

22n22



= c max.{d2(x2n, x2n+1)d1(
 

n

2
iT x2, x1n); d2(x2n, x2n+1)dn(

 

1n

2
iT 2, xnn)...........

  d2(x2n, x2n+1)d3(T22,
 

2

2
iT 2); d2(x2n,

 

1

2
iT 2)d3(T22, x3n)}

      max.{d2(x2n,
 

1

2
iT 2); d2(x2n, x2n+1); d3(x3n,

 

2

2
iT 2)}
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Letting n    and since 
 

n

2
iT 2=1 we get

d2(
 

1

2
iT 2,2)c d2(2,

 

1

2
iT 2)d3(T22, 3)

                max.{d2(2,
 

1

2
iT2);d3(3, T2T11)}

Here two cases arise:

Case (i) If max.{d2(2,
 

1

2
iT 2); d3(3, T2T11)}

= d2(2,
 

1

2
iT2) we have

d2(
 

1

2
iT2, 2)  c d2(2,

 

1

2
iT2)d3(T22, 3)

                               d2(2,
 

1

2
iT2)

                  = c d3(T22, 3)

Case (ii) If max.{d2(2,
 

1

2
iT2); d3(3, T2T11)}

= d3(3, T2T11) and d2(2,
 

1

2
iT2)  0

We have d2(
 

1

2
iT 2, 2) = d2(T11, 2)  

c d2(2,
 

1

2
iT2)d3(T22 , 3)

d3(3, T2T11)
                   = c d3(T22, 3)
Thus in both cases we obtain:

d2(
 

1

2
iT2, 2)=d2(T11, 2)c d3(T22, 3) (3.1)

In the similar way using (1.3), (1.4).................
(1.n-1) and (1.1) it can be shown that

d3(
 

2

3
iT 3, 3)=d3(T22, 3)c d4(T33, 4) (3.2)

..................................................

..................................................

dn(
 

1n

n
iT n, n)=dn(Tn-1n-1, n)c dn+1(Tnn,

1)  (3.n-1)

d1(
 

n

1
iT 1 , 1) = d2(Tnn, 1)c d2(T11, 2)

 (3.n)

Using (3.1), (3.2).................. (3.n) we obtain:

d2(
 

1

2
iT2, 2) = d2(T11, 2)  c d3(T22, 3)

  c2 d4(T33, 4) c3 d5(T45, 5)...............
...... cn d2(T11, 2).

From which it follows 
 

1

2
iT 2= 2, T22 = 3;

T33 = 4..............Tnn = 1, since 0  c 1.

Similarly we can show that 
 

2

3
iT  3 = 3,

 

3

4
iT  4 = 4................

 

1

n
iT n = n i.e. 1,

2.... ...... n are the fixed points of 
 

n

1
iT ,

 

1

2
iT ...... .......... 

 

1n

n
iT .

            Now we show that these fixed points
are unique. Let 1 be the another fixed point

of 
 

n

1
iT . Using (1.1) for x2 = T11 and x1 =

1 we get

d1(1,1)=d1(
 

n

1
iT 1,

 

n

1
iT 1)c 

 

)T,(g
)T,(f

1111

1111



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= c max.{d1(1,1)dn(
 

1n

1
iT 1,

 

1n

1
iT 1); d1(1,1)dn-1(

 

2n

1
iT 1,

 

2n

1
iT 1);...........

           d1(1,1)d2(T11, 
 

1

1
iT 1); d1(1,1)d2(T11, T11)}

max.{d1(1, 1); d1(1, 1); d2(T11,T11)}

                        =        c d1(1,1) d2(T11, T11)

      max.{d1(1, 1); d2(T11,T11)}
Here two cases arise;

Case (i) If max. {d1(1, 1); d2(T11,T11)} = d2 (T11,T11) then we get
           d1(1, 1)  c d1(1, 1) which gives 1 = 1.
Case (ii) If max. {d1(1, 1); d2(T11,T11)} = d1(1, 1) then we get
            d1(1 , 1)  c d2(T11, T11) (4.1)
Now taking x3 = T2T11 and x2 = T11 in (1.2) we obtain:

d2(T11, T11) = d2(
 

1

1
iT 1, 

 

1

1
iT 1)  c 

 

)TT,T(g
)TT,T(f

112112

112112





= c max.{d2(T11,T11)d1(1,1); d2(T11,T11)dn(
 

1n

1
iT 1,

 

2n

1
iT 1);...........

d2(T11,T11)d3(T2T11, 
 

2

1
iT 1); d2(T11,T11)d3(T2T11, T2T11)}

                         max.{d2(T11,T11); d2(T11,T11); d3(T2T11,T2T11)}

                 =         c d2(T11,T11)d3(T2T11, T2T11)

                       max. {d2(T11,T11); d3(T2T11,T2T11)}
As discussed above we get
d2(T11, T11)  cd3(T2T11, T2T11)               (4.2)
In a similar way using (1.3), (1.4).............. (1.n) it can be shown that
 d3(T2T11 , T2T11)  cd4(T3T2T11, T3T2T11)   (4.3)
......................................................
......................................................

dn(
 

1n

1
iT 1 , 

 

1n

1
iT 1)  cd1(

 

n

1
iT 1, 

 

n

1
iT 1) = c1 d1(1 , 1)  (4.n)
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Using (4.1), (4.2)................ (4.n) we get

d1(1 , 1)  c d2(T11, T11)  c2 d3(T2T11,
T2T11)  c3 d4(T3T2T11,  T3T2T11)
  cn d1(1 , 1)

Thus 1 = 1 i. e. 1 is a unique fixed point

of 
 

n

1
iT . In the same way we can show that 2,

3.............n be the unique fixed points of

 

1

2
iT , 

 

2

3
iT ...................

 

1

n
iT respectively..

This completes the proof of the theorem.

Remark:

i. If X4 = X5 = X6...........= Xn = X1, d4 = d5 =
d6.............= dn = d1 and the mappings T4 =
T5 = T6..........= Tn as the identity mapping

of X1 then the theorem reduce to Jain2.

ii. If X5 = X6 = X7...........= Xn = X1, d5 = d4 =
d6 =d7.............= dn = d1 and the mappings
T5 = T6 = T7..........= Tn as the identity
mapping of X1 then the theorem reduce to
Luljeta and Kristaq3.
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