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Abstract

In this paper a fixed point theorem on n metric spaces is proved.
This theorem generalizes and extends the results obtained'® in from
three and four metric spaces to n metric spaces.
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1. Introduction

Jain et al. introduced a related fixed
point theorem on three metric spaces. Luljeta
and Kristag® generalized it on three metric spaces
to four metric spaces. In this paper we shall
establish a more generalized fixed point
theorem on n metric spaces.

Throughout this paper the product

n
ToTnaTnoeonnnn. T is denoted bylllTi .
2. Main results

We will give and prove our theorem
as follows:

Theorem 2.1: Let (X, d;), i =1, 2,

Tn 1 Xp— X1 be the n mappings satisfying the
following inequalities:

n
dl(FZITi xa, [T T; Xa)<c RAGTEREY
1

9 (X, X,)

1 1 fZ(XZ’XS)
d - T x,) < 1.2
2(1_3[T|X311;[ |X2) C gz(XZ,XS) ( )

2 2 fS(XS’X4)
d T; Tixz)<c —,- -~ (1.3
3(1:1[ |X4,1;[ i X3)<c 0., (%, %) (1.3)

-1 nT f, (X,,%)
dn(FllTixl, r[[l ) <C gy yy @)
forallx; e X;,i=1,2,3.......... n and for which

gi(x;, Xj+1) #0,1=1,2,3......... n-1 with gn(Xn,
x1) # 0, where 0 <c <1 and
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n-1
f1(X1, X2)=max.d1(X1, TX1)dn(HT X2, HT
1

n n—2 n-2
x1); di(xa, TTT; Xo)dwa( [1Tj X2, 1}Ti X1);
1 2

n n-3 n-3
di (X1, HTI X1)dn-2( HTI Xa, HTI X1)eeeeneeens
1 2 1

n
d1(Xa, I;ITi X1)d3(T2X2, T2T1X1);

n 1 n
di(xq, TTT; Xl)dZ(X21l;[Ti X2); di(x1, [TTj x2)
1 2
dz(Xz, T1X1)}.

1 n
fz(Xz, X3) = MmaxX. {dz(Xz, HTl Xz)dl(HTi X3,
2 3

3 _
HTI Xz) dz(Xz,HT‘ Xz)dn(nHTX21nHT XZ)

n—2 n-3
dz(xZ,HT- X2)dn-1( HT X3, HT. X2) oo

1
..... dz(Xz, HT| Xz)d4(T3X3, T3T2X2);
2

1 2 1
da(x2, I;ITi X2)d3(xs, [T Tj x3); da(x2, [T T; X3)
3 3
d3(X3, TzXz)}.

2 1
fa(x3, Xa) = max. {da(xa, [1Tj x3)d2( [T T; xa,
4

3

1 2
[1T; Xs); ds(xs, HTixs)dl(lﬂlTi X4, ID[Ti X3);
3 3 4 3
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n-1
dg(xg,HT- X3)dn( HT Xs, HT. X3).oeveen.

2
............ d3(X3, HT| X3)d5(T4X4, T4T3X3);
3

2 3 2
da(Xs, [T Ty xa)da(xs, TI T Xa); da(xs, TIT;
3 4 4

X4) d4(X4, T3X3)}.

n-1 n—
f(Xn, X1)=max.{du(Xn, HT Xn)0n-1 ( HT X1,

n-3
HT Xn); dn(Xn, HT xn)dnz(HT. X1,

n-3 n-1 n-4
HT Xn) dn(Xny HT Xn)dnS( HT X1,

n-4 n-1
| I BLEED <) P dn(Xn, TITi Xn)
1 n
n-1
do(T1x2, TaToXn); dn(Xn, T1T; xn)dl(xl,HT
n

n-1
X1); Gn(n, TTTi X1)da(X1, Taxn)}-
n

n n
g1(Xa, x2)=max.{d1(x1,l;[Ti X2); da(x1, T T Tix);
1
1
dr (Toxe, [T Ty x2)}-
2

1 1
g2(X2, Xz)=max.{dz(X2, [T TjXa); da(X2, ];[Tixz);
3
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2
ds(T2xo, I;ITi X3)}.

2 2
9a(Xa, Xa) = max.{da(xa, [T T; Xa); da(xs, F31Ti
4

3
X3); d4(T3X3, HTl X4)}.
4

n-1 n-1
gn(Xn, X1)=max.{dn(Xn, [1TiX1); dn(Xn, TIT;jXn);
1 n
n
dl(Tany I;ITI Xl)}'

n
then [1Tj has a unique fixed point oy € Xi,
1

1
I;ITi has a unique fixed point o, € Xs...........
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n-1
[1T; has a unique fixed a, € X,. Further Tioy
n

=0, T2t = O3eeevenennnn.

Proof: Let x; € X beanarbitrary point.

Define the n sequences < Xin >of X;, 1 =1,
2 n as follows:

n
xi.= (1T )% 5 Xz, = Taxi 4 Xa, = T2 Xe,
1

Xnn = Tn.]_ Xn.]_n V ne N

Assume that X1,= Xl g0 X2, #X2,14
# Xy Vv n e N. Otherwise, if X1.= Xi
somen, X2n+1:X2n+2’ X3n+1: X3n+2 ............. Xnn+1
=Xn 4 and we could put Xi =01, X2

= Op. If in:XZ

1 for

n+1:
1 then X3, =
+q and the
vy IN@similar
or xnn:xnn+1then X1,.=Xi

later equalities imply that x; =X

way if Xn-1, =Xn-1

n+1 n+l’

Taking Xz =X3_,, X2 = X2, in (1.2) we obtain:

n-1’

1 fo(X21:X3,_1)

1
dz(in, X2n+1) = dZ(HTl X3n-1’ l;[T| X3n) <cC
3

92 (X2 X31_1)

= ¢ max.{da(x2, Xz, )d1(X1 ;, X1.); da(X2,, X2, )n(Xn_ 4, Xn); d2(X2,, X2,.,1)
Ona(Xn-1,, 3 Xna)eoveenes da(Xz,, X2,,,1)d3(X3,, 1, X3,); da(X2,, X2, )d3(Xs, ,, X3,)}

max.{da(x2,, X2,)); da(X2,, X2,,,); da(Xs,, X3.)}

=cC max.{dz(xzn, x2n+1)[d1(x|n_1, x|n); dn(xnn_l, xnn); dn-1(Xn-1n_1, Xn-ln) ............ d3(x3n_1, x3n)]}
da(Xz,, X2,.,4)
=c max.{dl(x|n_1, x|n); dn(xnn_l, xnn); dn-1(Xn-1n_1, Xn-ln) ............ d3(x3n_1, x3n)}

Thus dz(xzn, x2n+1) <c max.{dl(x|n_1, x|n); d3(x3n_1, x3n); d4(x4n_2, x4n) ....................

dn(xnn_ly Xnn)}

2.1)
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Taking X4 =Xa. 1 X3 = X3, in (1.3) we obtain :
f3(X3n 1 X4n_1)
93(X3n 1 X4n_1)

= ¢ max.{ds(Xs, X3,.,,)d2(X2,, X2,.,,); da(X3;, X3, )da(X1, 4, X1 ); da(Xs,, X3,,,)
dn(xnn-l’ Xnn) ................. d3(X3n, X3n+1)d4(x4n-1’ X4n); d3(X3n, X3n)d4(X4n_1, X4n)}

2 2
da(X3, Xa,,,) = ds(E[Ti xq, 0 [TTj x3) <c
3

max.{ds(Xs, X3 ); da(X3, X3, ,,); da(Xa, Xa )}

= ¢ max.{da(xa., X3, )[d2(X2,;, X2,,1); A2 (X1, 1 X1); An(Xn 1 Xn)-oooGa(Xa 4, Xa )]}

da(X3,, X3,.,,)

d3(X3,, X3,,1)<C Max {da(Xz, Xz,.); Xa 1 X0)s  da(xa, Xa, )<C max{ch(xa, , X1, ); da(Xs, . X3);

da(Xa, 1 Xa )5 vooveee dn(Xn, ;s Xn )} da(Xa, 0 Xa)eomonn dn(Xn, ;s Xn)} (2.3)
Using (2.1) we get s

da(X3,, X3.,,) < € max.{di(Xs ;, X1); da(Xz,, oo

x3n+1); d4(x4n_1, x4n) ....... dn(xnn_l, Xnn)} (2.2) dn(xnn, xnn+1)sc max.{dl(xln_l, xln); d3(x3n_1, X3n);
_ d4(x4n_1, x4n) ....... dn(xnn_l, xnn)} (2.n-1)

Continuing this process we obtain: Taking X1 = Xz, X2 = Xz, in (1.1) we obtain

f1(X15,X2n)

01(X1, X2p)

= ¢ max.{di(X1,, X1, ,)dn(Xn , Xn_,,); di(X1,, X1, )Xo, Xna,,,4)5 dalXa, X, )
On-2(Xn2, X2y q)eeeeeeenee da(X1,, X1,,,)d2(%2,, X2,,,)s da(Xe,, X1 )d2(Xz,, X2,,,)}

n n
di(X1,, X1,,,) = dl(l;[Ti Xo,, I1TjXe,) <cC
1

max. {da(X1, X1,); da(X1, X1,,,); d2(X2,,1 X2,.,1)}

= ¢ max.{da(Xy,;, X1, )[An(Xn s Xn,q)5 Dna(Xn-1y Xnedyq) vooeeenenens da(X2,, X2, )1}

di(X1,, X1,.,1)
d1(X1n, x1n+1) =c max.{dn(xnn, xnn+1);dn-1(xn-1n, xn-1n+1) ............... dz(xzn, x2n+1)}

Using (2.1), (2.2).ccccccveeeiinnnnne (2.n-1) we get

d1(X1n, x1n+1) <c max.{dl(xln_l, xln);dg(x3n_1, x3n) ................. dn(xnn_l, xnn) (2.n)
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Continuing this process by induction on inequa- n(Xn, Xn,,) < ol {di(x1,, X1,);0a(Xa,, Xa,);
!ities (2._1_), (2.2).......... (2.n) we get the following 4 A(X 4, X 42) _________________ dn(an, an)}_

inequalities L _ _ Since 0<c <1, the sequence <x; >, i=1, 2....n
Ga(x1y Xuy,,) < €70y, X1,)i3(Xs; X30)i are Cauchy sequences. Again since each of

da(Xaps Xap)-vvoven. r;:i""dn(xnl’ Xnp)}- (X, d),i=1,2..... n is complete metric space
aXz, X2,,1) < €7 H{i(X1), X1,)i05(X31, X35 50 [im,. Xi =i Vi=1,2..n Taking x; =
d4(x41, x42) ................. dn(an, an)}- X1, X2 = 0tz in (1.1) we obtain®3 -

: n n f1 (X1, 00
di(I1Tj a2, Xa,,) = ([ Tj o2, [ITi xa) <c Ny, a2)
2 2 1 91 (X1, 02)
n-1 n_2

= ¢ max.{di(Xa,, X1,,,)d2n( [1T; x2, Xnp1)s dl(xln’ X1, )0n1( TTTj X2, Xna,00)5eeeenens
2 2

1 n
dl(Xln, X1n+1)d2(OL2, HTl OL2); dl(Xln, 1;[T| Ocz)dz(ocz, X2n+1)}
2

n 1
max.{dl(xln,l;[Ti OLz); dl(Xln, X1n+1); dz(X2n+1,HTi OLz)}
2

n )
Letting n — oc we get dy(T1Tj o , a1) < 0 1.3)......... (1.n) it can be shown that
2 n_l n—2 1
n ITioy=om, T an=opg....... [T a3 =a,.
from which it follows that [ITj op = as. 1 n 3

2 . _ _ . .
Taking x3 =To0 and X2 =X, in (1.2) we obtain:

In a similar way, using the inequalities (1.2), 9% =202 2=xe, n(1.2)
11“_ 1 . 11“_ f2(X2,, Toa2)

d i , X =d i O, iX2)<c
2( , Zne1) 2(1;[ o L %)< gy (xo, Toolp)

n n-1
=C maX.{dz(in, X2n+1)d1(HTi X2, Xln); dz(in, X2n+1)dn( HT| o, Xnn) ...........
2 2

2 1
da(Xz,, X2,,1)03(T202, [T T 02); da(xa,, [T Tj 02)ds(Ta0t, X3)}
2 2

T 7
max.{dz(xz,, 1;[Ti a2); da(Xz, X2,,,,)s a(X3,, I;ITi az)}
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n
Letting n — oc and since IITi op=aqwe get
2

1 1
do( [T Tj oz, 02)<c dz(Obz,l;ITi 02)d3(T2012, 03)
2

1
max.{dz(a2, [1 Tjai2);d3(ci3, T2T1ca)}
2
Here two cases arise:

1
Case (i) If max.{dx(o, I1Ti 0); ds(os, T2T100)}
2
1
= dz(OLz,HTi()Lz) we have
2

1 1
dz(I}TiOtz, o) <C dz(Otz,I}Tiaz)ds(Tzobz, 03)

1
da(a, I}Tiaz)
= ¢ d3(T202, 03)
1
Case (i) If max.{dx(ow2, 1 Tioz); da(os, ToT10u)}
2
1
= d3(OL3, T2T10Ll) and dz(OLz,HTi()Lz) #0
2
1
We have da(T1T; a2, o) = dp(T10, ) <
2

1
c dz(az,gTiaz)ds(Tzaz , 0i3)

da(os, T2T104)
= c d3(T200, 03)
Thus in both cases we obtain:

1
dZ(I;[Ti(XZy 02)=h(T101, a)<C d3(T2002, 03) (3.1)
In the similar way using (1.3), (1.4).................

(1.n-1) and (1.1) it can be shown that

ds(lilTi ota, c12)=0(T 208, 0a)<C (T30, o) (3.2)

Manoj Garg

1

dn(nHTi Qlp, OLn):dn(-rn-l(ln-ly OLn)SC dn+1(Tnany
n

o1) (3.n-1)
n

dl(lllTi o, a1) = da(Thotn, o)<C da(T1011, 012)

(3.n)
Using (3.1), (3.2)..ecevvveeannnee. (3.n) we obtain:

1
dz(lzTTiOtz, o) = da(T1ou, a2) < ¢ d3(T0, 03)
< ¢? d4(T30Lg, OL4)S cd d5(T4OL5, OL5) ...............

...... <c" dz(Tl()Ll, OLz).

L. 1
From which it follows T1T; ao= o, Toop = a3;
2

T303 = 0geeevnnnnnnnns Thon = oy, since 0 < c¢ <1.
2
Similarly we can show that [1Tj o3 = as,
3
3 1
HTi OV o VI HT| On = O 1.6. 0,
4 n
n
Oener vnnnn o, are the fixed points of I1T;,
1
1 n-1
T I1T;.
2 n

Now we show that these fixed points
are unique. Let a4’ be the another fixed point

n
of [T1Tj. Using (L.1) for xo = T1a and x =
1

o1’ we get

filog , Thoq)

n n
di(oug,0")=d1 (T Tio, [TTiou')<c
1 1 91(0g , Tyarg)
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n-1 n-1 n-2 n-2
= ¢ max.{di(oy’,01")dn( [T o, I1T; oa'); di(ou,o")dn1( [1T; o 1T (0710 T
1 1 1 1

1
di(ou’,00")d2(T1ou, [T; o); daon’,on)d2(Tron, Trou')}
1

max.{d(ou1’, a1); di(a’, oa’); do(T1ro’, Tr0u)}

= ¢ di(au’,04") do(T101, Tr011")

max.{di(ay’, oa); do(Tro’, Trou)}
Here two cases arise;

Case (I) If max. {dl(ocl', OLl); dz(Tlal',Tlal)} = d2 (T10L1',T10Ll) then we get

d1(0L1, OLl') <cC dl(Obl', OLl) which giVGS o’ = oy.
Case (II) If max. {dl(ocl', OLl); dz(Tlal',Tlal)} = dl(Obl', OLl) then we get

d1(0L1 , OLl') <cC dz(Tl()Ll, T10L1') (41)
Now taking x3 = T2T1o4 and X2 _ T1ai" in (1.2) we obtain:

fo(Troq , ToTyo)

1 1
do(Tro, Trou") = do(I1Tj o, [1Tj ') <c
1 1 92(Thoy , ToTyoy)

n-1 n-2
=C maX.{dz(Tlal',T10L1')d1(OL1,OL1'); dz(Tlocl',Tlocl')dn( l;[Ti o1, IIT; ocl'); ...........
1

2
do(T10u', T1a")d3(T2Tr0u, T1Tj o1); do(Trou’, T1o)da(ToTro, T2T10u")}
1

max.{da(T1ou’, T1o); do(Tro’, Trow'); d3(T2Tron’, T2T1ou)}

= C da(T1ou', T1o1)d3(T2T1r0, T2T104")

max. {da(T1ou’, Trow); d3(T2T1o', ToTrou)}
As discussed above we get

da(T1r0, Trou") < cda(T2T1ou, T2T1o4") (4.2)
In a similar way using (1.3), (1.4).............. (1.n) it can be shown that
da(T2T10u , ToT104") < cda(T3ToTr0, TaT2T104") (4.3)

n-1 n-1 n n
do( [TTjoa, TTTjou’) <cdi(ITT an, TTTj o) = c1 difou , o) (4.n)
1 1 1 1



542

Using (4.1), (4.2)................ (4.n) we get

d1(0L1, OLl') <c dz(Tl()Ll, T11') <c? d3(T2T10Ll,
T2T10Ll') <cl d4(T3T2T10Ll, T3T2T10Ll')
< c" d1(0L1 , Otl')

Thus oy = o' i. €. oy IS a unique fixed point

n
of I1T;. Inthe same way we can show that o,
1

(o T o, be the unique fixed points of
1 2 1
T, I [1T; respectively.
2 3 n

This completes the proof of the theorem.

Remark:
i. |fX4:X5:X6 ........... =Xn:X1,d4:d5:
de.oooovvnnnnn. = dyp = d; and the mappings T4 =

Ts=Teoournnnn = Ty as the identity mapping

Ultra Scientist Vol.24(3)A, (2012).

of X; then the theorem reduce to Jain?.

ii. |fX5:X6:X7 ........... =Xn:X1,d5:d4:
dg =07...on...... = d, = d; and the mappings
Ts=Teg=Tqoo.... = Ty, as the identity

mapping of X; then the theorem reduce to
Luljeta and Kristag®.

References

1. N. P. Nung, Afixed point theorem on three
metric spaces, Math. Sem. Kobe Univ., 11,
77-79 (1985).

2. R. K. Jain, H. K. Sahu and B. Fisher, A
related fixed point theorem on three metric
spaces, Kyungpook Math. J., 36,151-154
(1996).

3. Luljeta Kikina and Kristaq Kikina, A related

fixed point theorem on four metric spaces,
Int. Journal of Math. Analysis, 3(32),
1559-1568 (2009).



