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Abstract

The aim of the present paper is to introduce and study the
mixed summation-integral type operators having Baskakov and Beta
basis functions in summation and integration, respectively. First, we
estimate moments of these operators using hypergeometric series. Next,
we obtain the basic point-wise convergence, a Voronovskaja type
asymptotic formula.
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1. Introduction + p,o (x)f(0), (1.1)

M), xX

Inthe year 1998, Agrawal and Thamer®
an
k! (1+ X)n+ k

introduced a new sequence of linear positive
operators to study the simultaneous
approximation of unbounded functions. For

where b X x)= d

(n+ 1)k (n+ 2)k tk
k' (1+ t)n+ k+2

f €[0,), a new type of Baskakov-Durrmeyer b, , (t)=

operator studied by Finta? is defined as
The Pochhammer symbol (1) is defined as

D n(f,X)=k§1p e (%) Zé;°b we® Tty =0 e D+ 2) 1+ 3).(n+ k- 1),
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Recently, Gupta et al.* introduced Baskakov-
Durrmeyer operators and investigated properties
like point-wise convergence, asymptotic formula
and inverse result in simultaneous approxi-
mation. Also, Govil and Gupta3 studied some
approximation properties for the operators

= (),  xX

OO(n+ Z)k tk
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defined in (1.1) and estimated local results in
terms of modulus of continuity. After that,
Ismail and Simeonov? introduced Positive linear
integral operators in hypergeometric form, we
write the operators (1.1) as

f©)

D.(fx)=(+1) >

k=1

f(t)(1+x)?2

Kl (14 )tk "0

%O: (). (h+2)

f(t)dt+
k' (1+ t)n+ k+2 ( )

@+ xy

(xt) f(0)

= (+1) ZSO

By hypergeometric series | F, (a,b;c;x)= k0

@), = k!, we can write

f (t)(1+x)2

0 . xt
D, (f.x)= (n+1) ZO [(1+ X)L+ t)]+2 MZ Fl;”'””’l’ 1+ x)(1+t)‘5 _thH

[(1+ Xx)(L+1)]™2 k=1

[(1+x)(L+1)] (L+x)"

]

@) ),
(©), k!

(x)k and using the equality

£ (0)
(1+x)"

Now using , F, (a,b;c;x)= ,F (b,a;c; x)and applying Pfaff- Kummer transformation

,F (ab;c;x)= (- X)azFlpa,c- b;c;ik

x-1
we have
o0 Aln+2.1-n1 =1 | 1 (0
f x)= )ZO 2 Tex+t! Q)
Dn( X) (n+ 1 f(t)(1+ X)ZH (L+ x+1)12 [(1+ x)(1+1)]™2 (1+x)" '
(1.2)

This is the form of the operators (1.1) in terms of hypergeometric functions.

Verma et al.® considered Baskakov -Durrmeyer- Stancu operators and studied some

approximation properties of these operators. Very recently, Gupta and Yadav® introduced the
Baskakov -Beta- Stancu operator and investigated like asymptotic formula, moments of these
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operators using hypergeometric series and errors estimation in simultaneous approximation.
Hence, we introduce Baskakov -Durrmeyer- Stancu operators, for 0 < o < f as

f Z0 ﬁ ‘5 zFldn+2,1—n1,l;XXt+t. 1 ’

DnaB( ,X)=(n+1) (1+x)2 (1+ X +1)1*2 [(1+X)(1+t)]n+2 t
£(0)

L+ x)" (1.3)

For a = B = 0 the operators (1.3) reduces tothe operators (1.1).
We know that

kiolopn,k(x):l’ ZO pn k(X)d :Ll ij: k(t): n+ l, Z(C)Dbn'k(t)dt:l

We take

C,[0,00)={f € C[0,0) : f (t)=0(t)",v> 0}.
The operators Dy p (f, ) are well defined for f € C[0,). In the present note, first, we
establish the basic pointwise convergence theorem. Next, we also study asymptotic formula

for these operators and estimate moments of Baskakov -Durrmeyer- Stancu operators using
the techniques of hypergeometric series.

2. Auxiliary results :

In the sequel we shall need several lemmas.

Lemma 1. Forn> 0 and s> - 1,we have

Dn(tsyx):F(ﬂ-;:ﬂlil;;wﬂha X)Szﬁﬁl n, 511 ‘Q (1+x)™ H (2.1)
Moreover,

e (s D= s) s D+ s- 26 s) L,
Dn(t ’X) n!(n- 1) n!'(n- 1) +O(n ) (2.2)

Proof. Taking f (t)=t°,t= @+ x)uand using Pfaff-Kummer transformation the
right-hand side of (1.2), we get
@+x)s3us = (1-n)k(n+2)k (=x(L+x)uk
[A+x)A+u]™ 20 (k)2 [+ x)(L+u)]¥

Dn(t,0 =(n+D]
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I'(n-s+1)I'(s+1
+ (n li(nj-lgs )(1+X)’”:Q1+ Q, (say).

uS+k

(e iz

(n+2)k(1-n)
Qu=(n+1) go (il)2 k(-

k(L]

=(+1) 5 M+FDel=Mi e @+ x)" "B+ k+1n- s+1)
o (k)2

=(+1) 2 (M+2), (1- n)k, @+ ) ™ T(s+k+)I(n—s+1)
@ )§o (k})? 9k ) rn+K+2)

Using T(n+ k+ 2)=r(n+ 2)(n+ 2), , we have

(0+2k(@=Mic o 14+ x) " LEHDE+DT(0-5+D)

=(n+1) z (k)2 r'(n+2)(n+2)

I'(s+)I'(n-s+1) @ (s+Dx(1—n)g
r'(n+1) k=0 (k"2

= (1+ x)s1

(—x)

- s n+l F(s+1)F(n S+1)
= (1+ %) o+ D ,F @ nl+s;L- x).

Using, F, (a,b;c; x)= (- x) da c-b; C,ﬁl we have

I'(n-s+DI'(s+1) s
Cne ) (1+x)s, dl n,-s; 1,1+X

Q= I

Combining Q,and Q, we get

I'(n-s+1)I'(s+1)

Dn (t2,%) = r(n+1)

@+ +x)s2 Rl st ] - (@+x)7]

The other consequence (2.2) follows from the above equation by writing the expansion of
hypergeometric series.

Lemma 2. For 0 < o <3 and m > 0 we have
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ns  (n+s-1l(n-s)!
(n+p)s n!(n—1)!

Dna p(t$,X) = X5

ns  (n+s-2)I(n-s)! q ns-1 (n+s—2)!(n—s+1)!w

+x5'1$s(s-1) a
(n+p)s ni(n-1! (n+p)s ni(n-1!

ns1  (n+s-3)!(n-s+1)!
(n+p)s ni(n-1)!

+x52 ?s(s -1)(s-2)a

s(s-1) , n%2 (n+s-3)(n—s+2)!
2 Y n+p)ys nl(n—1)!

er O(n~m).
Proof. Using binomial theorem, the relation between operators (1.2) and (1.3) can be

defined as

nt+ao

hdt+(1+x)'”ﬁ ¢ b
n+p n+p

2 ” » fsh (nt)iosi _nﬁ o ‘ss
= kglpn,k (X)L onk (t)gj j‘sWdt +(1+x) "

Dn,oc B (ts ) X) = IE:lpn,k (X)ZOOObn,k (t)ﬁ

= iﬁs‘{ Nlas) mDn(ti,x)—(1+x)'”0r+(1+x)'”ﬁ GB& .

=Mk (n+B)s n+
Using (2.2), we get Lemma (2).
Lemma®’ 3. For m € N U{0}, if

Unm(X) = I(%::Opn,k (X)F%_ X‘Q )

then U, o (X)=1, Un1 (X)=0 and we have the recurrence relation:
nUn’m+1(X):X(1+X), [Uln’m (X)+mUn’m.1(X)]
Consequently, Un n(X)=O(n"l(™¥2] where [m] is integral part of m.

Lemma® 4. For m € N U{0}, if

Hn,m(x):Dn,a,ﬂ ((t-X)m,X)
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8

=2p Pk QL bnk(t)ﬁ ta

then

tno(X) =1, pna(Xx)

and for n > m we have recurrence relation:
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r e oo

(xBx

+

(n- m)F :Bkunmﬂ(x) X(1+ X)[nm (X) + Mptnm-1(X)

fomnn-}
Al

_FL_
n+p

From the recurrence relation, it is easily verified
that for all x e [0, «) we have

fin m(¥)=0(n M2y,

Lemma®’ 5. There exist the polyno-

mials g; js(x), on [0, o) independent of and such
that

X 1 (k=) g js () Pk (X).
2iejss
i, j>1

ds
xS (1+ X)S% Pk (X) =

3. Main result :

In this section, first we show that the
derivative Dna p (F (1), x) is an approximation
process for f&) s = 1,2,3..... Next, we prove a
\oronovskaja type asymptotic formula.

Theorem 1. If s eN, f e CV [0, o) for

ﬂ;‘ﬁi—xk(mm)gunm(x)

n n+p

XM n:Bi,Q —lgmun,m-l(x).

some v > 0 and f® exists at a point x (0,00)
then

lim D(S)

ao Dnep (F, X)=FO(x) (3.1)

Proof. By the hypothesis, we have

s f (i) )
f(t)= z%u—x)' et ) (t—X)s,

i=0

where &(t,x) —>0 as t—x. Hence

D (f0.0= 212000 (00

=0

+DY

n,a,ﬂ(e(t,x)(t—x) ,x) =1, +1,,(say).

Applying Lemma 2, and we have
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s f(') x) < (i :
S o
i=0 j=0 J
(s) s s “MNi(n —<\l
_f7( d —| x° n - (n+s=1)i(n S)'+terms in lower power of x
sl dx (n+p) n!(n-1)!
=f(5)(x) n® (n+s-1)!(n-s)!
(n+B)° n!(n-1)!
— £(x), as n— o,
Next, using Lemma 5, we obtain
n'q, i nt+a )
l,= LLs e () (k=nx)" b, (t)e(t,x —X | dt
’ z.+z,:<sx(1+x ;pk )J (D)2 )(Wrﬁ J
—1\1 s
A Ui LB S R | R
(n-1)! n+p n+p
Hence
‘ nt+a )
I,[< k nx| |b —Xx| dt
‘ ‘ 2I+]<S X° Z pnk | | '[ nk n+ﬂ
1\ s
+—(n+s 1)'(1+x)“g Y X Y =1, +1,.
(n-1)! n+p n+p

Since &(t,x) >0 as t—>x, for a given ¢ >0 there exists a § >0 such that &(t,X) <¢,

whenever 0<| t— X| < 9. Further, if ¥ is any integer >max (v, s) , then we can find a constant

S
nt
K > 0 such that ‘8(t,X)‘(n:g—Xj <K

nt+oa

n+p

—X

for [t—x|>5. Hence

S

nt+a

n+p

dt

‘I‘<C > n ank )|knx|’{g j b, « ()

2|+J<5 |t-x|<&
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+ I b, (1)K

[t-x| =&

nt+a !
x| dty=1_+1_.(say),
n+ ‘ } 5 6( Y)

where C, = sup ‘qu—s(x)s‘
2itj<s X° (1+X)

i,j20

Now, on application of Schwarz inequality for integration and then for summation, we obtain

s 3 'S b ool ouo | Ubnk [tjdj

h+]<s

1/2

IA

e 2 (& o nij”[g 0ot ) o

Vi O

UsingLemma 3, we get

— n2i %O(n")+0(nr)w (for anyr>0)
=0(n’). (3.2)

Similarly, using Lemma 4, we get

ki:: pn'k(x)jjbn'k (t)(nnt:g —xj S dt = O(ns)—(1+x) (%)

=0(n*)+0(n")  (for anyr>0)

=0(n). (3.3)
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Again, using Schwarz inequality for integration and then for summation, in view of (3.2) and
(3.3), we have

lg=<C, > n ank X)[k=nx|" [ b, (t)K

2i+j<s [t-x| =8
i,j=z0

nt+a

n+p

Y
—x‘ dt

2i+j<s k=1
ijiz0

<c, 3 o[ 3 e (k- nx)’jm[ipn,k<x>fbn,k<t>(”ntj§—szydtj/z

- n‘O(nj/z)O(n’y/z): o(1).

2i+j<s
i,j20

and therefore, in view of the arbitrariness of  +[(2s-g)x+(s+a)]f “? (x) + x(L+x) f 2 (x).

&> 0, it follows that I3 = 0(1) Also, 1,0, as (3.4)
n—oo and hence I, = 0(1) Combining the

estimates of I; and I, , we obtain (3.1). Next, Proof. By the Taylor’s expansion, we have
we prove a Voronovskaja type asymptotic s+2 £0) ( : .
formula (1) = S’ o)

i=0

Theorem 2. Let f e Cv[0, ») for some ~ Where (t,x) >0ast—x and &(t,x)

v >0, and f %2 exists at a point xe(0, o) then =O((t —x)‘s) as t—oo for some § > 0. Thus,

lim n (D, , (f, %)= (x))=s (s-1-) ¥/(x) e can write

D0 (1) ) =19 00wLL o 0507

=L, +L,, (say).
Applying Lemma 2, we have

Lon S0 o, (100

j=0 J

f(s)(X)n(Dn,a,ﬂ(tS,x)—s!)+ f(wl)()!()n{(“l) (=X)Dy o s (t°.%)+D, (£, %)]

(s+1)
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. f(s+2)( X) ) {(5+2)2(S+1) XZDn,a,ﬂ(tS’X)+(S+2) (_X)Dn,a,ﬂ(tsﬂ,X)‘F Dn,a,ﬂ(tsﬂ,x)}

B f(s)(x) Hs!ns(n+s—1)!(n—s)! _Sl]if(“”(x) {s+ i stn®(n+s-1)!(n—s)!

e e Y T ey
(s+1)In**(n+s)!(n—s—1)! - s!(s+1)stn**(n+s—1)! (n—s-1)!
(n+8)"" ni(n-1)! (n+p)"" ni(n-1)!

+

L Si(s+Dans(n+s-1)1(n -1l
(n+B)s*Inl(n-1)!

£ (x) {(s+2)(s+1) 25t (n+s=1)!(n—s)!

* (s+2)! " 2 (n+p)° ni(n-1)!

_(S+2)XE(S+1)|Xn5+1(n+s)!(n-s-1)! N sl(s+1)sns*1(n+s-1)!(n-s-1)!
! (n+B)s+1n!(n_1)! (n+B)5+1n!(n—1)!

sl(s+ans(n+s-1)I(n-s)!
(n+B)s*n!(n-1)!

ns*2(n+s+1)I(n-s-2)!
2(n+B)s*2n!(n-1)!

"Q+(s+2)!x2

+(s +1)I(s+2)(s+1)n***(n+s)! (n—s-2)! - (s+1)!(s+2)xan***(n+s)!(n—-s-1)!

(n+4)"" ni(n-1)! (n+8)"* ni(n-1)!

+s!s(s+2)(s+1)an5*1(n+s—1)! (n—s-1)! . sl(s+1)(s+2)n°(n+s-1)!(n—s)! }+O(nm).
(n+5)"*ni(n-1)! 2(n+ )" ni(n-1)!

The coefficients of f(x), ¢ (x), f ¢ (x)
in the above expression are respectively s(s-1-),
[(25-B)x+(s+a)], x(+Xx), which follows ceeding along the lines of the proof of 1, —0

by using induction hypothesis on s and taking @S N— oo in Theorem 1.
limits as n—c. Hence, to prove (3.4), it is

sufficient to show that for each Xe (0,00), Remark 1. In particular if s = 0, we

n L,—0as n—o, which follows on pro-
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obtain the following conclusion of the above
asymptotic formula in ordinary approximation:
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