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Abstract

The aim of the present paper is to introduce and study the
mixed summation-integral type operators having Baskakov and Beta
basis functions in summation and integration, respectively. First, we
estimate moments of these operators using hypergeometric series. Next,
we obtain the basic point-wise convergence, a Voronovskaja type
asymptotic formula.

Key words: Hypergeometric series, Baskakov-Durrmeyer-
Stancu operators, Voronvoskaja type asymptotic formula.

2000 Mathematics Subject Classification: 41A25, 41A35.

Ultra Scientist Vol. 24(3)A, 567-577 (2012).

1. Introduction

In the year 1998, Agrawal and Thamer1

introduced a new sequence of linear positive
operators to study the simultaneous
approximation of unbounded functions. For

f , ,[0,), a new type of Baskakov-Durrmeyer

operator studied by Finta2 is defined as

( )n n ,k n , k n,D f ,x p x b t f t d t p x f ,= +
k




1
( )

1
n n,k n, k n ,D f ,x p x b t f t d t p x f ,

¥

=

= +å 0
z ( ) ( )
0

n n ,k n, k n,D f ,x p x b t f t d t p x f ,
¥

= +ò

( ) ( )0 0n n ,k n, k n,D f ,x p x b t f t d t p x f ,= +          (1.1)

where ( )
( )

( )! 1
k

kn xb xn , k n kk x
=

++
 and

( )
( ) ( )

( ) 2

1 2
! 1

k
k k

n , k n k

n n t .b t
k t + +

+ +
=

+

The Pochhammer symbol ( )kn is defined as

( ) ( )( )( ) ( )1 2 3 1kn n n n n .... n k .= + + + + -
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Recently, Gupta et al.4 introduced Baskakov-
Durrmeyer operators and investigated properties
like point-wise convergence, asymptotic formula
and inverse result in simultaneous approxi-
mation. Also, Govil and Gupta3 studied some
approximation properties for the operators

defined in (1.1) and estimated local results in
terms of modulus of continuity. After that,
Ismail and Simeonov8 introduced Positive linear
integral operators in hypergeometric form, we
write the operators (1.1) as
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Now using ( ) ( )2 1 2 1F a,b;c; x F b,a;c; x= and applying Pfaff- Kummer transformation
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 (1.2)
This is the form of the operators (1.1) in terms of hypergeometric functions.
Verma et al.9 considered Baskakov -Durrmeyer- Stancu operators and studied some
approximation properties of these operators. Very recently, Gupta and Yadav5 introduced the
Baskakov -Beta- Stancu operator and investigated like asymptotic formula, moments of these
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operators using hypergeometric series and errors estimation in simultaneous approximation.
Hence, we introduce Baskakov -Durrmeyer- Stancu operators, for 0  as
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For  =  = 0 the operators (1.3) reduces tothe operators (1.1).
We know that
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We take

C[0,)={f  C[0,) : f (t)=O(t) > 0}.
The operators Dn,(f, x) are well defined for f  C[0,). In the present note, first, we
establish the basic pointwise convergence theorem. Next, we also study asymptotic formula
for these operators and estimate moments of Baskakov -Durrmeyer- Stancu operators using
the techniques of hypergeometric series.

2. Auxiliary results :

In the sequel we shall need several lemmas.
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Proof. Taking ( ) ( )1sf t t , t x u= = + and using Pfaff-Kummer transformation the
right-hand side of (1.2), we get
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The other consequence (2.2) follows from the above equation by writing the expansion of
hypergeometric series.

Lemma 2. For 0  and m > 0 we have

570 Vishnu Narayan Mishra, et al.



D t x x n
n +

n s n s
n nn, , s s

s

s 


( , )
)

( )!( )!
( )!


  

( !
1

1

     
  




  


RST
UVWx s s - n

n+
n s n s

n n
s n

n+
n s n s+

n n
s-

s

s

s-

s
1

1
( 1)

( ! (
1

!


)
( )!( )!

( )! )
( )!( )!

( )!
2

1
2

1

     
  


RSTx s s - s - n

n+
n s n s+

n n
s-

s-

s
2 2 3

1
( 1)( )

(
1

!

1


)
( )!( )!

( )!

     
  


UVW 

s s - n
n+

n s n s+
n n

O n
s-

s
m( 1)

( !2
3 2

1
2

2


)
( )!( )!

( )!
( ).

Proof. Using binomial theorem, the relation between operators (1.2) and (1.3) can be
defined as
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Using (2.2), we get Lemma (2).

Lemma6,7 3. For m{0}, if
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then Un,0 (x)=1, Un,1 (x)=0 and we have the recurrence relation:
nUn,m+1(x)=x(1+x), [U'n,m (x)+mUn,m-1(x)].

Consequently, Un,m(x)=O(n-[(m+1/2)], where [m] is integral part of m.

Lemma9 4. For m{0}, if

µn,m(x)=Dn,((t-x)m,x)
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s
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


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   
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UsingLemma 3, we get

 
   2 22

, ,
1 0
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RST    j j rn O n O n r   

UVW  for any 0n O n O n r  

  .jO n (3.2)

Similarly, using Lemma 4, we get

 
         

2
2

, ,
1 0

1
s

n ss
n k n k

k

ntp x b t x dt O n x x
n









 
      

 
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Hence
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Again, using Schwarz inequality for integration and then for summation, in view of (3.2) and
(3.3), we have
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2
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i j s
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and therefore, in view of the arbitrariness of
 > 0, it follows that I3 = o(1) Also, I40, as
n and hence I2 = o(1)  Combining  the
estimates of I1 and I2 , we obtain (3.1). Next,
we prove a Voronovskaja type asymptotic
formula.

Theorem 2. Let f  Cv[0, ) for some
v > 0, and f (s+2) exists at a point x(0, ) then
               , ,lim , 1 2s s s s

nn
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+[   lim , 1 2s s s sn D f x f x s s f x s x s f x          ]    1s s s sn D f x f x s s f x s x s f x        2(1 ) .sx x f x 

 (3.4)

     Proof. By the Taylor’s expansion, we have
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Applying Lemma 2, we have
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The coefficients of             1 2, ,s s sf x f x f x 

in the above expression are respectively s(s-1-),

[    2 , (1 ),s x s x x    ]2 , (1 ),s x s x x      which follows
by using induction hypothesis on s and taking
limits as  .n  Hence, to prove (3.4), it is
sufficient to show that for each   0, , 0 as n ,x n L   

20, , 0 as n ,x n L     which follows on pro-

ceeding along the lines of the proof of  2 0 as nI  

0 as n   in Theorem 1.

Remark 1. In particular if s = 0, we
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obtain the following conclusion of the above
asymptotic formula in ordinary approximation:
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