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Abstract

In this paper we have proved a theorem on [N, pp; 8| summability
of orthogonal series, which generalizes various known results.
However, our theorem is as follows:-

Theorem : Let 1 <k <2, and 0<dy<1. If {pn} be a positive non-
increasing sequence such that
Pn—o0asn —»wand

n=v+1!1 Pn Pn-1 Pv Py

also {\.n} is positive sequence and the series

k/2
3k-1 2
0 1 n P Pn_;
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n=1ll Pn Prg |i=t Pn Pn-j
converges, and if
0 P K
Z ﬁp_vk ﬁ_vakv + 7\.\/+]_ <0
v=1l Py N[l py

then the orthogonal series £ Anan &in (X) is summable |N,pn;3|k almost
everywhere! .

Key words and phrases : |N,pn; |k summability, orthogonal
series.
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Introduction
1. Definitions and Notations :

Let Xa, be given infinite series with
Sy as its n-th partial sum. If p, is a sequence of
positive numbers such that>®8

n
Phn=2Xpy—>®
v=0

asn— o
(Pi=pi=0,i>1)
The sequence-to-sequence transformation

1 n
Th=— 2XPnvSy
I:)n v=0

1 n
=— 2 Pvan-v, Pn %0
I:)n v=0

defines the sequence T, of the (N, pn)
means of the sequence s, generated by the
sequence of coefficients p.

(1.1)

The series Xa, is said to be summable
IN, pn |k, kK>1 if

k-1
= FP
Zﬁ—”‘s [Th = Thalk <o (1.2)
n=1!1 Pn

The case k=1 is reduced to the Norlund

summability |N, pn| and further, in the special
case in which

5-1 hn+6—l’l 1
= = andp, = ———,
Pn An n Pn (n+1) the

summability [N, pp| is the same as the summa-
bility |C, 8| and the absolute harmonic summability,
respectively.

The series Xa, is said to be summable
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IN, pn, S|k, k=1, 6=0, if

% F P Sk +k-1
> = | T — ThafK < oo

n=1!1 Pn

Let {@n(x)} be an orthogonal system
defined in the interval (a,b). For a function f(x)
€L? (a,b) such that

100> S22 (x) (1.3)

We denote by E(? (f) the best appro-

ximation to f(x) in the metric L? by means of

polynomials of @o(x),......0n-1(x). It is well
known that

" 12
ER(f) =ﬁ Zlajlzé
j=n

We put App=An-An.1 for any sequence {\.n}
A is a positive constant necessarily the same
at each occurrence!”.

2. Dealing with the absolute Norlund
summability of orthogonal series, Okuyama’
has proved the following theorem.

Theorem A : Let 1<k<2 and {A\} be

a positive sequence. If {pn} is a positive sequence
and the series

2 1/2
0 n P P._;
n=1Pn Pn-1 |j=1 Pn Pn-j

converges, the orthogonal series

% An @n Dn(X)
is summable [N, pylx almost everywhere

2.1)
7-10.

In 1998 So6nmez® has extended the
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theorem of Okuyama to |N, pn,d|x sSummability
of orthogonal series in the following form.

Theorem B : Let 1<k<2 and 0<dy<1.
If {pn} and {A\,} are positive sequences and

the series
k/2
i il 4
AE! "=Jpn P

2 ﬁpm Fk'l 1
2 S
n=1/l Pn Pro

converges, then the orthogonal series
% Anan@n(x) is summable |N, pp, Sk almost
everywhere.

The aim of this paper is to generalize
Theorem B for N, pn, |k summability.

3. We shall prove the following theorem.

Theorem : Let 1<k<2, and 0<&y<1. If

{pn} be a positive non-increasing sequence
such that

ATo(x) = To(x) - Toa() = ‘5 Pn 1

(n + l) lejﬁ

Pj-1

n P, P
an Jﬁ_n_ A
Pn

nPn}L nan(Pn (X) AT
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Pn—o as n—oo and
. Sk-1 Sk
n=v+11 Pn Pn-1 Pv Py

also {A,} is positive sequence and the

) k/2
=l
Pn-j I

(3.2)

series

dk-1
s ﬁp”"s k Zp ﬁp”—
n=1 11 Pn pn 1 Pn

converges, and if
ﬁ
v=1

pvkﬁ ‘sAkv + Avil
Py Nl py

then the orthogonal series ¥ Anan@n(Xx) is
summable [N, pn; 5|k almost everywhere. (3.4)

4. Proof of the theorem : Let T,(x) be the
n-th Norlund mean of the series (3.4).
Then we have by (1.1)

k

<o

(3.3)

“'kx,-a,-(p,-(x),
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n-1

(n=1pn
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1
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(say).

To prove the theorem it is suffcient to
show that

=Tn1t Th2 T T3t Tha

i k
lern,il <o fori=1,2,3,4.
n=
Z|r | 1 nZJ AN jajo j(X)AT; k
nt nl(n+l)J— 1 Pj i -

o0

K
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2 1nctyP Jg 1% KA A (K
Snzzllngl pJQ ATia| J<|A%jaj05(0)|
Sk-1
2 indt Plg N L O |
Sn{:lngl pJQ ATia| J*|A% jaj05(0)|
_QSk—l .
=2 PJ. AT A ajo; (0] 3 1
=1 pJQ n=j+1N
Sk -1
N
=0 M—JB 1.|ATJ-_1|k jk|ijaj<pj(x)|"
=1\Pj J

o lp 13 b ) )
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=1iPj 1P

p. ok-1
-0 zﬁp’& AT

= J

=0()
by condition of the theorem.
Again
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Il

)
?E-_
&W
> I—‘

gZJ |7»J+1aj+1(PJ+1(X)| |AT | &E
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k
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This completes the proof of the theorem

9.
‘7» an@Pn (X)‘

o Fp k31 10.
= [y [ATal"
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= 0(1).
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