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Abstract

The formal solution of certain simultaneous triple integral
equations involving Fox’s H-functions is obtained by the method of
fractional integration. By the application of fractional integration
operators, the given simultaneous triple integral equations are
transformed into three others with a common kernel and the problem
then reduced to that of solving one integral equation.
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1. Introduction

Fox c® defined the H-function as
follows:

m,n _ ymn (aj‘aj) _ 1 s
Hpw' [z] = Hpg' [z (bj:Bj)} = qu)(s) 25 ds
where
$(s) = qun=11 T'(b; — B;s) [lit1 T(1 — aj + o55)

a1 T = by + B;s) T4, T — 4s)

[1.1]
z is not equal to zero, an empty product is to
be interpreted as unity and the following

simplified assumptions are made®>:

() m,n, pand g are integers satisfying 0 <
m<gq,n<p.

(i) oy's:(j=12,........,p)and
Bj' s:(j=1,2,.cceeeee,q) are
positive numbers.

(i) a=(G=12,............,p), bj:(=1,2, ... ... ...

..., Q) are complex numbers such that no
pole of I'(by-Prs), h=1,2,...... ,mcoincides
with any pole of I'(1-aj+a;s), j=1,2, ..., n.
i.e OLj(bh+U)¢ Bh(aj+n—1) forv,=0,1,2,...
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. and h=1,2,......... ,m and
=12, n.
(iv) All the poles of the integrand in [1.1] are

simple.

(v) Thecontour L is Mellin Barnes type which
runs from c-ico to o+ico in S(=c+i, c and
t being real) plane such that the points

=PtV o mv=012,
h

......... whicharethe poles of I'(b,, — Bys)

lie to the right and the points s = M’
]

FL2, n;n=012,......... which
are the poles of [‘(1 —a+ on]-s) lie to
the left of L. Such a contour L is possible
on account of (iii).

(vi) The conditions for the convergence of
the integral [5.1.1] can be found in the

research paper of Braaksma®.

Inan earlier section, Fox, c. 8 introduced
the H-function in the following manner

HOP [ (1-a,0q), (a1 —q; , ) ]
229 |7 (by,B) L (1—Dbj —B;.B;)
—_ 1P 1 s
=Hzp2q(¥) = ST LXp,q (s)x3ds
where
[(b; + sB;) I'(aj — sa;)
X , =
P ] I'(b;+B; — sBs) » T'(aj—ay + say)
[1.2]

behaves as Symmetrical Fourier kernel
2. Results used in the proof of the sequel:

Mellin Transform:

M{f(x)} = F(s) = -[Ooof(x)xs_1 dx [2.1]
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Inverse Mellin Transform:

M™H{F(s)} = f(x)

F(s) x~5ds

[2.2]

" 20

For s=c+it, x>0
Parseval’s Theorem for Mellin Transform:

If M {f (u)} =F(s) and M {a (U)} =A(s)
Then

M{a(ux)} = x75A(s) and

X SF(s)A(1 —s)ds
[2.3]

foof(ux) a(u)du = %

Fox’s Beta Formulae:

Fox defined Beta formulae by following
fractional integrals>2°:

X
f (Xl/c _ U1/C)d—e—1 U% - s_ldU
0

cF(d —e)l'(e — cs) d 1 _s[2.4]

r'(d- cs)
Provided d>e and - > where s = o+it and
C

O<x<1

© d
J (Ul/c _ X1/C)d—e—1 ve g—S—ldU

X
cI'(d—e)l'(e +cs)
= [2.5]

I'(d + cs)

. e .
Provide d>e and-> o where s= o+it and x>1
C
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Fractional Erdelyi-Kober Operator:

Fox used the following generalized Erdelyi-Kober operators:

m X
. — —-ym—e+m-—1 m __ ,myy—-1.,.e
T[y, € : m]{f(x)} FYX jo(x V™Y~ uef(v)du [2.6]

Where 0<x<1

R[y,e: m] {f(x)} = %xef (V™M — xmM)Y~1ly—esym+m=1fry)dy  [2.7]
X

Where x > 1

The operator T exists. If f(x)eLp(0,:0) , p>1, y>0and > (1-p)/p and If, f(x) can be differentiated
sufficient number of times then the operator T exists for both negative and positive value of vy.
The operator R exists. If f(x)eL,(0,o0), p=1 and If, f(x) can be differentiated sufficient number
of times then the operator R exists. If m > € > -1/p while y can take any negative or positive
value!®.

A Theorem For Mellin Transform:

If M{f(u)}=F(s) and M{g(u)}=G(s) then

9] 1 0o+iT
f g(w) f(w)du = o— lim G(s) F(1 — s)ds
0 2l & og=Re(s) Y Oo—iT

_ _ 2.8
o0 LG(s)F(l s)ds [2.8]

Thus If g (ux) is considered to be a function of u with x as a parameter, where x > 0
Then M{g(ux)}= x>G(s) [2.9]

From [2.8] and [2.9], we have

o 1 oo+iT
f g(ux) f(u)du = T lim f x5G(s) F(1 — s)ds
0

T—-o0 R
& og=Re(s) V0o —iT

= ] x75G(s) F(1 — s)ds [2.10]
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Additional conditions for the validity of [2.10] are that
F(s) €Lp(0¢ — i00, 04 + i)

and x17%g(x) €L (0,00) p = Lwhere L, denotes the class of functions g(x) such that

@ dx
j |8(X)|p;< 00 [2.11]
0

3. Solution of simultaneous triple integral equations involving fox's H-functions as
symmetrical fourier kernel :

Here we consider following integral equations:

(1—0(}‘,0(1) ,(a]f—oci )

HY | L f, (uW)du=L; (%), 3.1
f 2p,2q ux (b)) ,(1_b}<_6j’Bj)]Zh_1ahk h(w)du=Ly(x) [3.1]
O<x<§
k k
HyP e (a ) Jen L (w)du =My (x), B-2)
f 2p.2q | ux (b]k;Bj) ,(1—d}‘—Bj,Bj) Yh=1 bhk fn (W) du =My (x)

g<x<n

(1-cf ) (cf'—ai ;)
aig;) (1-df-B; B)

fo Hypzq [ux | ( ]Zﬁ=1 Chik fh(Wdu = Ny (%), [3.3]

n < X< oo
Where ap, bhk and chi are well known constants and Ly (x), My(x) and Ni(x) are prescribed
functions for h=1,2,......... n, k=12,.......... n. Here f,, (u) is unknown function in integral
equations [3.1],[3.2] and [3.3] for h=1,2,.............. nand0< é<lé<l<pandl< <o

Now applying Fox’s result to integral equations [3.1], [3.2] and [3.3] then we have from
Persaval theorem of Mellin transform6-2

n

K
1 i, T(bf + spy) I‘(a ) Z apk F (1 —s)ds = ()

21Ti Hq I‘(bk + B —sBi) Hp F(a —oy + sa])
Where 0 < x < & and kzl,é, ............. n. [3.4]
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P k n
1 M, r(bk+sg) I (g —soy) X—szb Fi (1 — s)ds = My(x)
. T K hk 'h (4L = = Mk
21T, Hiqzl F(di +Bi — SBi) l_[]P=1 F(aj —oj + Saj) h=1
where & <x<n and k=1, 2, ............. . [3-5]
p K
LI T +sp)  ThoaD(g'—se) Z Chic Fn (1 — $)ds = Ny(x)
_ " K hk Fht = = Nk
21T Jy, Hiq=1 F(di + Bi — sB;) l_[]p=1 F(Cj o5+ sa]-) h=1
where n<x<oo and k=1,2,............. n. [3.6]

n

In integral equation [3.4] replacing x by v and multiplying both sides of the equation
[3.4] by

k
C
4

(Xl/ocp _ Ul/ap)ag—cg—l-vap
and integrating both sides of integral equation [3.4] with respect to v from 0 to x where 0 <x< &
and applying Fox's Beta formula [2.4] in integral equation [3.4], we find

1 f Mo, r(bk+sp;) Ty T(of — sog) T(cg — sax)

20 Jy, T, T(bF + B; — sB;) ]_[]p=1 F(a}‘—a]- + sq) [3.7]
n 1 (1_311:())
XS Z apk Fp(1 —s)ds = —=(x)
£ op (o — )
x k_ .k i—1
J (x1/% — p/%)%p =1 % "L, (v)dv
0
where 0<x<§ and k=1,2,............. n.
Using the Erdelyi-Kober Operator T from [2.6] in equation [3.7] for brevity, we write
xS 1 1
T [a — ¢ ,gj -1 ;gj {Lk(®)} = TH{ L)} [3.8]
where0 < x<&and k=1,2,............. .

then

ck 1
T [alf, — Cg,a—z -1 :a—p] {Lx(0} = To{ L ()} [3.9]
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where O<x< & and k=1,2,............., n.
Hence from [3.9] , the integral equation [3.7] can be written as

1 L T(bF +s8) I, F(O‘ — s0;) I(cp — st
21Ty, H?=1 F(bf + B; — sBi) ].=1 F(a]- —aj + sqy)
n
X~ z ani Fn(1 — $)ds = THL (0} [3.10]
h=1

where 0 <x < § and k=1,2,..,n
Now repeating the same process in integral equation [3.10] for
J=p-1, p-2,......,3,2,1. Then the integral equation [3.10] takes the form

1 J ML, r(bk+sp;) T2 T (¢f = say)

—S

2 Jy, [T, T(b¥ + B; — sB;) H F(a —o + sa])
2 ap Fy (1 — s)ds = H TH{Li(x)) [3.11]
h=1 j=1

where 0 <x < § and k=1,2,..,n

Likewise in integral equation [3.11] we can transform the factor (b%‘ + B; — sB;) to

F(d%‘ + 3; — sP3;) by using Fox's Beta formula [2.4] and the operator Tiz

where
k

b!
T[d} — b, Bl B]{Lk(X)} = TP{ Le(®)} [3.12]

Accordingly [3.11] takes the form

k
1 J ML, r(b+sB;) I T (¢f = say)
2 Jy, [TL, T(d¥ + B; — sB;) H F(a —o + soc])

—S
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n q b
Z apk Fh(l — S)dS = 1_[ Tiz 1_[ T]1 { Lk(X)} [3.13]
where 0<x<§ and k=1, 2,............. .
Or
k p K _ s
1 [ [, Mol +sp)  TIZ, 0 —soy)
i q k p k
20 )y TTL, T(df + B; — sBi) IT, T~y + say)
n n q p
— 2 1
h=1 h=1 i=1 i=1 [3.13]
where 0<x<§ and k=1, 2,............. ,n, where dy are the elements of the matrix

(bl [ani] ~*

Similarly in integral equation [3.6] we can
transform the factor (C]-k-ocj+Socj) to (a}‘ +S0y)
by using Fox's Beta formula [2.5] and the
operator R} where

cjk 1
R [a}‘— f-1 ;J] N9} = RHN(0)

[3.14]
According [3.6] takes the form

LML) IR )
2MMi J,, H?:1 F(d%( +Bi— SBi) H]P:1 F(a}‘—ai + sa]-)

[3.15]

=S

n

p
> ancFa(—9)ds = | [R} NG
j=1

h=1

where n<x<eo and k=1, 2,.......... .

Likewise in integral equation [3.15] we can

transform the factor r'(d¥ + p;s) to r(b¥ + B;s)
by using Fox's Beta formula [2.5] and the

operator R% where

bf 1 )
T E] (N} = REN,(O} [3.16]

Accordingly [3.15] takes the form

R [d%‘—b}‘
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1 f M, r(bk+sg) T (e —s0g)
L

; X
210 l_[?=1 F(dli( +Bi— SBi) H]pzl F(a?—a]- + sa]-)
n q p
Z Chk Fr(1 —s)ds = 1_[ R} R+ (N (x)}
h=1 i=1 j=1
Where n<x<w and k=1,2,..........,n.

Or

L[ It ) M)
20 )y, TTL, T(df + B; — sBi) IT, T~y + say)

n q p

n bpk Fn(1 —s)ds = ) enx R R} ¢ (N ()}
§ o[

h=1 i=1 ]=1

Where ey are the elements of the matrix [bhk][chk]‘l where h=1,2,.....

k=1,2,........., n and n<x<oo.

[3.17]

[3.18]

....... n and

Hence Integral equations [3.4], [3.5] and [3.6] reduced to three corresponding integral

equations [3.13], [3.5] and [3.18] having common kernel. If we now write

q p

i=1 j=1
gr(x) =< My (x), when§ < x <7
n q p

\h=1 i=1 j=1
where k=1, 2, ..........., n.

[ n
z dpk HTiZ ﬂle {Ly(x)}, when0<x <¢&
h=1

z ehKk an l_IR]1 {Ny(x)},whenn < x < o

[3.19]
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Then integral equations [3.13], [3.5] and [3.18] where h=1,2,.............n.
can be put into the compact form as

f 9 r(bk+sp) T2, T (- sa) . Where fy are the elements of the matrix
2Mi Jy, [T F(dk + B = sBi) [T, T(af —aj + so(j)X [brd ™. Since our method is purely formal.

It does not give the conditions for the
Z bri Fn(1 = s)ds = gx() [3-20]  yajidity of the solution. Also the formal solution
of integral equations [3.1], [3.2] and [3.3] is given
where k=1, 2,........... , N & xe(0.00) by
Hence from the theorem of Mellin Transform

[2.10] we can write

,J:H%?Zq [ux‘ (b(k1B—])c L) (a a,B]ocB)])]

L M[qu [uxl (1-cf al) (a % ]}
2101 ), 2p,2q (b]k, BJ) B] B]) Zdhk{nTiz}{nle}{Lk(u)} du+

j=1

fnl-l?;f,’zq[uxl (1=ck oc) (cx -, oc))]

n

Z b Fr(1 —s)ds = gi(®) [3.21]  fuw =) fu|™ (bk, 8;) - By By

h=1 h=1 Mk(u)du +

where k=1, 2,........... . n. f mHg.pz [ux‘ (kl—d‘.ai) '(fx%‘k—ai ) ]
On applying the Parseval theorem [2.3] and Pl o8 (- di -6 B)
treating H2p 2q[ux] as a symmetrical Fourier . {ﬁ }{ﬁ Rl} (Ne(W} du
kernel, the formal solution of [3.21] is given by - = =
Fo)= )t [ o b Fiimpl PO where h=1,2,....o oo n

whereh=1,2,............,Nn. [3.22]

where dy and ey are the element of
the matrices [bn] [and™ and [bred [cndd ™

. (1-cka) ,(ak-o; ,a) 17  respectively and fi are the elements of the
JH‘;;’Zq [uxl X k ]
(o 8) (1—dr-B;,8) matrix [br] ™.

i.e.

qd p
dhk T? T b {Lie ()} du +
N " ap [ (1-cfa) , (af—ai ,a)
fu(w) = thk J; Hp,2q |UX] (bkB) L (1—dk—p;.B)
= M (uw)du +
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