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Abstract

Let G =(V, E) bea graph. Let D bea minimum secure dominating set of G. If V- D contains a secure
total dominating set D’ of G, then D’ is called an inverse secure dominating set with respect to D. The smallest

cardinality of inverse secure dominating set of G is the secure domination number ys'l(G) of G. In this paper, we
obtain some graphs for which y (G) = ys'l(G) and establish some results on this respect. Also we obtain some

graphs for which y (G) = ys'l(G) = % where p is the number of vertices of G.

Key words: dominating set, secure dominating set, inverse secure dominating set, inverse secure
domination number..
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1. Introduction

Al graphs considered here are finite, undirected without isolated vertices, loops and multiple edges.

For all further notation and terminology we refer the reader to. Let G = (V, E) be a graph. A set D of vertices in
agraph G is adominating set if every vertex in V — D is adjacent to somevertexin D. The domination number
v(G) of G is the minimum cardinality of a dominating set of G. Recently severaldomination parameters are given
in the books by Kulli in?3#, Let D be a minimum dominating set of G. If V- D contains a dominating set D’ of G,
then D’ is called an inverse dominating set of G with respect to D. The inverse domination number y(G) of
G is the minimum cardinality of an inverse dominating set of G. This concept was introduced by Kulliand

Sigarkanti in°. Many other inverse domination parameters were studied, for example, in% 78910.11,12,13,14,15,16,
17, 18, 19, 20, 24

This is an open access article under the CC BY-NC-ND license (https://creativecommons.org/licenses/by-nc-sa/4.0)
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A secure dominating set of a graph G is a dominating set D <V with the property that for each u eV -
D, there existsv € D adjacent to u such that (D — {v}) U {u} is a dominating set. The smallest cardinality of a
secure dominating set is the secure domination number v (G) of G. This concept was studied, for example,
in?422_ et D be a minimum secure dominating set of G. If V- D contains a secure dominating set D’ of G, then D’
is called an inverse secure dominating set with respect to D.The inverse secure domination number ys'l(G) of
G isthe minimum cardinality of an inverse secure dominating set of G. This concept was introduced by Enriquez
in?2 and was studied by Kulli in%,

Ays'l-set isa minimum inverse secure dominating set. Similarly other sets can be expected. If D = {u}
isa secure dominating set of G, then u is called a secure dominating vertex of G. Avertex u of Gissaid tobe ay -
required vertex of G if u liesin every y.-set of G.

An application of inverse secure domination is found in Computer Science. In the event that there isa
need for all nodes in a system to have direct access to needed resources (for example, large database) a secure
dominating set furnishes such a configuration. If a second important resource is needed, then a separatedisjoint
secure dominating set provides duplication in case the first is corrupted in some way. We have v (G)<y,™'(G).
From the point of above, one may demand y,(G) = ys'l(G), where as many graphs do not enjoy such a property.
For Example, we consider the graph G in Figure 1. Then y(G) = 2 and ys'l(G) =p-2. Inthiscase, ifpislarge,
then ys'l(G) is sufficiently large compare to v (G).

1

YA

Figure1
2. Graphs withy (G) =v,%(G)
Proposition 1. If Kp is a complete graph with p> 2 vertices, then
1K) =71 (K)=1.
Proposition 2. If K is a complete bipartite graph with 4 <m <n, then

7(K,) =7 (K ) = 4.
Proposition 3. If K is a complete bipartite graph with 4 <m <n, then

7:(Kna) =72 (Kas ) =2
Proof : CIearIyK_m =K, UK, . Therefore

ys(Km,n) = ys(Km)+7/s (Kn) = 2 ysl(Km,n):ysl(Km)+7/sl(Kn): 2
Hence the result follows.

Theorem 4: Let G be a graph with y (G) = v,*(G).Then G has no y_-required vertex.

Proof: Let G be a graph with y(G) =y, %(G). Let D be ay-setand D’ be ay_'-set of G.On the contrary,
assume G contains a y-required vertex u. Then u lies in every y.-set of GHenceue D and ueD’, which is a
contradiction to D’cV —D. Thus the result follows.

Theorem 5. Letube a secure dominating vertex of a graph G. Then

Y, '(G) = 7,(G - u).
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Proof: Let u be asecure dominating vertex of G. Then {u} is ay-set of G. Thus anyy_*-set of G lies in
G —{u} and is aminimum dominating set of G — {u}. Hence y_'(G) = y,(G - u).

Construct the graph G as follows:

LetH, = Kmi ,1=1,2, .. ,rand2<m <m<...<m. Letv,<H,i=1,2, .., r Consider the graph G obtained

from joining the verticesv,v
2,..1.

i=1,2,..,r-1,seeFigure 2. Consider the verticesu e H, such thatu=v,,i =1,

i+1’

G: A
L]
.
.
v u

Figure2
Proposition 6. Let G be a graph as shown in Figure 2. Then v (G)=y_'(G)=r.
Proof: The setD={v,, v,, ...,v } isayset inG. Then the setD* = {u,, u,, ...,u } isay,*-set in G for u,,
Uy ..., u e V(G)-{v,,v,,...,v }. Thus
1,(G)=v,(G)=r.
Corollary 7. Let G be a graph as shown in Figure 2 such that m =m,= ... =m =2. Then v (G)=y_"

(G)= g » where p=2r is the number of vertices of G.

Proposition A?2: Let G be a connected non-complete graph with p > 4 vertices. If y*(G) = 2, then
7(G)=2.

Proposition 8. If G be a connected graph with p > 4 vertices such that G = K, and y'(G) = 2, then
7. (G)=74CG) =2

Proof: This follows from Proposition A.

Proposition 9. Let G and H becomplete graphs. Then y (G+H) =y_'(G+H)=L1.

Proof: IfG and H arecomplete graphs,thenG+H is complete. Thusy (G+H) =y_'(G+H)=1.

3. Graphs with y(G) = ,(G) = Ep
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In this section, we establish some results for which y(G) = y,*(G)= g.
Theorem 10. If G =K, , K, or K —¢, then y (G) = v,*(G)=, wherep is the number of vertices of G.

4,40

Proof: If G =K, ,, then by Proposition 2, y,(G) = y,*(G) =§. If G =K, then by Proposition 1, v (G) =

1.'(G) = g . If G=K —e,then we have ys(G)=yS’1(G)=g , where p is the number of vertices of G.

Construct the graph G as follows: Lete, = uyv, 1<i<mande,,, =vu, be the edges of a cycle C, . For
eache, = uyv,, join the vertices u,v,to new vertices x,,y, to form the graph G, see Figure 3.

Y

Y

Figure3
Theorem 11: Let G be a graph with 4m vertices as shown in Figure 3.Then
1(G) = 1, *(G) = 2m.

Proof: In the graph G of Figure 3, V(G) ={u,, ...,u_,V,, ...V, X, ..., X, ¥, ..., Y }. Thenthe set D={u,,

m' "1’ m! 71!
U, Ve, VYIS @y sset with 2m vertices and D” = {x, ....X , ¥,, ..., ¥, } is @ y.,'-set with 2m vertices. Thus
7,(G)=y,*(G)=2m.

Remark 10. LetG,, G,,...,G_ be the m connected components of a graph G. Let D, be ay-set of G, and
D' beay,*-set of G, fori=12,...m ThenD,uD,U..UD isag-setof GandD', uD",u...UD’ isa v, -set of
G. Thus 7.(G)=27.(G) and

TheoremT& LetG,, G,,...,G,, be the m components of a graph G. Then v(G) = v,*(G) if and only if
1(G)=71G), fori=1,2,...,m.

Proof: LetG,, G,,...,G,_ be the m connected components of graph G.

By Remark 12,7, (G)=2_7.(G,) and 7."(G)=>_7."(G,). Therefore, v(G) = y,%(G) if 1,(G)=7,*
i=1 i=1

(G)fori=1,2,....,m.

Conversely suppose v,(G)=y,(G). We have y(G) < v.(G), for i = 1,2,..., m. We now prove that
1(G)=1,4(G), fori=1,2, ..., m. On the contrary, assume y(G,) <y.'(G,) for some . Then YS(G,-) >ys’1(Gj), for
somej,j=i, which is a contradiction. Thus y(G) =y;}(G) fori=1,2,.....m.

Corollary 14. If the connected components G, of G are either K,or K~ or K, ,or G asshown in Figure
3, then y(G) =v,%(G) = where p is the number of vertices of G.

Proof: This follows from Theorems 10, 11, 13.
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