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Abstract

In this paper, we defined dual Pell quaternions. Also, we investigated the relations between dual Pell
quaternions which connected with Pell and Pell-Lucas numbers. Furthermore, we gave the Binet formulas and
Cassini-like identities for these quaternions.
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1. Introduction

In 1843, Hamilton! introduced the set of quaternions which can be represented as

H={a=qo+igi+jg2+kas|qo, g1, g2 93 € R} (1.1)
where

i=j?=kK?=-1,ij=—ji=k,jk=—kj=i,ki=-ik=].

Several authors worked on different quaternions and their generalizations*?22. Also, some authors
worked on dual quaternions and their generalizations®*® as follows:

In 2006, Majernik? defined dual quaternions as follows:
H =$Q=a+bi+cj+dk|a,b,c,d eR, i2=j2=k2=0}

D ijk=0,ij=—ji=jk=-kj=ki=-ik=0 '

In 2009, Ata and Yayl1® defined dual quaternions with dual numbers’ coefficient as follows:
H(D)={Q=A+Bi+Cj+Dk|A,B,C,DeD,

i=j?=k*=-1=ijk} (3

This is an open access article under the CC BY-NC-ND license (https://creativecommons.org/licenses/by-nc-sa/4.0)
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In 2014, Nurkan and Giiven* defined dual Fibonacci quaternions as follows:
HD={0n= Fn+i Fnit+]j Fne2+K Fnea| En=Fn+ Fn+l, 2=0, =0}, (1.4)
where

i2=j?=K?=ijk=-1,ij=—ji=k,jk=—kj=i,

ki=-ik=j,

n >and On= Qn+ & Qnu1.
Essentially, these quaternions in equations (1.3) and (1.4) must be called dual numbers coefficient’s quaternion
and dual numbers coefficient’s Fibonacci quaternions, respectively.

For more details on dual quaternions, see®. It is clear that H(D) and Hp are different sets.
In 2+016, Yiice and Torunbalc1 Ayd1n® defined dual Fibonacci quaternions as follows®:
Hp = {Qn=Fn+i Fns1 + j Frs2 + k Foss | Fn n-th Fibonacci number}, (15)
where
i2=j?=K?=ijk=0,ij=—ji=jk=—kj=ki=—-ik=0.
In 1971, Horadam studied on the Pell and Pell-Lucas sequences and he gave Cassini-like formula as follows’:
Pn+1Pn-1 - Pzn = (_1)n (16)

H PrPn+1 + Pr1Pn = Phar,
Pn(Pn+1 + I:)n—l) = Pop,
& Pon+1+ Pon = 2P%+1 - 2|:)Zn - (_1)n,
and Pell identities ) P§ + P2, = Pan1, (17)
P2 + P23 = 5(P4s1 + Phs2),
¢ Pn+aPn+h — PnPhtath = (—1)nPnPn+a+b,
P_n= (-1)"™P,.
and in 1985, Horadam and Mohan obtained Cassini-like formula as follows®
Gn+10n-1— 02 = 8 (-1)™, (18)
First the idea to consider Pell quaternions it was suggested by Horadam in paper®.
In 2016, Cimen and ipek introduced the Pell quaternions and the Pell-Lucas quaternions and gived properties
of them'® as follows:

QPn = {QPn =Pn €0+ Pn+1 €1+ Pni2 €2 + Pnig €3] Pn n-th Pell number} (19)

where
el=e3= e3= —1, e16) = —€261 = €3, €283 = —€3€7 = €1, €381 = —€1€3 = €2.
In 2016, Anetta and Iwona introduced the Pell quaternions and the Pell octanions! as follows:
Rn=Pn+iPnu+jPni2+KPnis (1.10)
where
i=j?=K2=ijk=-1,ij=—ji=k jk=—kj=iki=—-ik=].
Furthermore, Anetta and Iwona introduced the matrix generator for Pell and Pell-Lucas quaternions as follows
Rn Rn-1

R(n)=
NN 1 nz} (111)
In this paper, welwill define|dual Pell quaternions as follows
Pp = {Df =Py + i Pps1 + j Pns2 + k Pyaa.| Py n-th Pell number} (112)

Dual number: A=a+¢b, a,be R, £=0, 0.
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where
i2=j?=k?=ijk=0,ij=—ji=jk=—kj=ki=-ik=0. (113)
Also, we will give Binet Formula and Cassini identities for dual Pell quaternions.

2. Dual Pell Quaternions :
We can define dual Pell quaternions by using the Pell numbers. The nth Pell numbers is defined by

Pn=Pn1+Pno,Py=0, P1=1. (2.1)
With the same analogy we can define the dual Pell quaternions as follows

Pp = {D} =P + i P+t + j Pns2 + K Ppss .| Pn n-th Pell number}, (2.2)
where

i2=j?=k?=ijk=0,ij=—ji=jk=—kj=ki=-ik=0. 23
Also, we can define the dual Pell-Lucas quaternion as follows:

Pp = {Df =0 + i On+1 + j Qo2+ K Ones .| gn N-th - Pell-Lucas number}, (24)

i2=j?=k?=ijk=0,ij=—ji=jk=—kj=ki=-ik=0.
Let DPn1 and DF;Z be n-th terms of the dual Pell quaternion sequences (DPn1 Yand (D?) such that
D! =Py + i Pous+j Psz + k Prg (25)
and
D2 = Ky + iKnet + j Knez + k Koz (26)
Then, the anditioFrJ and subtraction of the dual Pell quaternions is defined by
D %D 2= (Pa+iPna+]PnitkPni)
+ (Kn + 1 Kpsa + j Knsz + k Knys)
= (Pn + Kn) +i (Pn+1 + Kn+1) +j (Pn+2 + Kn+2) (2-7)
+k (Pn+a £ Kpa3) .
I\/IFyItipIF!cation of the dual Pell quaternions is defined by
D! D 2= (Pny+iPu+ Pzt kPu)
(Kn +i Kn+1 +j Kn+2 +k Kn+3)
(Pn Kn) + |( I:>nKn+1 + I:)n+1Kn) + ] ( I:>nKn+2 + I:>n+2 Kn)
+ k( I:>nKn+3 + I:>n+3 Kn)
= Spft Sp7a T Spft Vs + Sphe Vol - (28)

The scaler and the vector part of D}, which is the n-th term of the dual Pell quaternion (D% ) are denoted by
SDﬁ = Pn and VDﬁ = | Pn+1 + J Pn+2 + k Pn+3. (29)

Thus, the dual Pell quaternion Df is given by Df, = SpP + VpP .

Then, relation (2.8) is defined by

P
Dn' Dn? = Spft. SpP2+ Sop’. VpP2 + P2 Voit (210)

The conjugate of the dual Pell quaternion DnP is denoted by DnP and it is

Dr? =Pn—1Pn+1—] Prr2 =K Pnss. (211)

The norm of DnP is defined as

No? =|IDy IF= Dy Dy = P (212)
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Then, we give the following theorem using statements (2.1), (2.2).
Theorem 2.1. Let P, and Df, be the n-th terms of the Pell sequence (P,) and the dual Pell quaternion
sequence (D), respectively. In this case, for n > 1we can give the following relations:

DY+ DF =2Py, 213)
(DR)?=2P, DY, P53, (2.14)
2 Dhs1 + DR = Dhia, (2.15)
D% — i Dfs1—j D2 —k Dz =P, (2.16)
D% Dfy+ Df+1Dh+1=2 Diimes—Prsmst. (217)
Proof. Proof of first three equality can easily be done by the equations
D =Pn+iPnia + ) P2+ KPnis (2.18)
and
Df+1=Pns1 + i Prsz + ] Pnsg + K Pnaa. (2.19)
(2.13):
Drﬁ + T = (Phn+iPni1+ ] Priot kPnsa)
+ (Pn —1Pns1 _j Pn2 —K I3n+3)
= (Pn+Pn) + i(Pn+1— Pn+1) + J(Pn+2 — Pns2) (2.20)
+K(Pn+3 — Pn+3)
= 2P,
(2.14):
(DF;1)2 = (Pn+iPns1+jPniat KPpys)
(Pn+iPps1+j Pnia+ KPpys)
= (Pn Pn) + i(Pnpn+1 + I3n+1Pn) + j(PnPn+2 + I3n+2Pn)
+ k(PnPn+3 + Pn+3Py)
= PnPn+ 2i PhPps1+ 2j Py Prso + 2k 2 PpPrss
= 2Pn(Pn + 1 Pn+1+ J Pnsz + K Pnis) — P%
= 2P, D}, - P3. (221)
(2.15):
2DRs1+ D = 2 (Pnst+i Prio+ j Prig+ K Pnis)
+(Pn +1Pna +j P2+ K I3n+3)
= (2 Pns1+ Pn) +1 (2Pn+2 + Pn+1) + ) (2Pne3 + Phs2)
+K (2Pn+4 + Pna3)
= Ppi2+ i Prea+ j Pnia+ K Ppys
= Dbz, (2.22)
(2.16):

Dﬁ — i Dlrjl+1— ] Dﬁ+2 -k Dﬁ+3 = (Pn +1i P +j Pn2 + k I3n+3)
—i(Pns1 + 1 Pnsz + J Pnsg + K Pnis)
—j(Pas2+ i PN+3 + j P+4 + kPn+5) (2.23)
—K(Pn+3+ 1 Pnta + j Pnis + K Pnye)
=Pn.
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(2.17):
Dl?l DFr’n = Py Ppti (Pn Pm+1 + Pnsa Pm) +j (Pn Pm+2 + Pns2 Pm)
+k (Pn Pm+3 + Pnss Pm) (2.24)
and
DFr’1+1 Dl?n+1 = (Pn+1 I:)m+1) +i (Pn+1 Pm+2 + Phs2 I:)m+1)
+ ] (Pn+1 Pm+3 + Pnss I3m+1) (2.25)
+ K (Pn+1 Pm+4 + Pnig Pms1).
Finally, adding equations (2.24) and (2.25) side by side, we obtain
Dl?l D% + DFr’1+1 D¢n+1 = Ppimer + 2i (Pn+m+2)
+ 2j (Pn+m+3) + 2k (Pn+m+4)]
=2 DRime1 — Premea (2.26)
where we used following relations:
$ PnPn+1+ Pn1 Pn=Pay,
Pn Pm + Pn+1Pm+1 = Pnime1. (2-27)
0
Theorem 2.2. Let DR and D} be the n-th terms of the dual Pell quaternion sequence (D) and the
dual Pell-Lucas quaternion sequence (DR), respectively. The following relations are satisfied
DR+ DR1=DR,
DR+ D = % D1, (2.28)
Dh+2-Dh_2=2 Db,
Proof. From equations (2.18), (2.19), it follows that
Dfs1+ DRt = (Pnst + i Praz+ j Praa+ K Pnss)
+(Pn1+ 1P +jPnia+ kPni2)
= (Pn+1 + I:)n—l) +i (Pn+2 + Pn)
+ j (Pnss + Prsa) + K (Pnea+ Pni2) (2.29)
SQn+ti0ns1tjOnez+ KOnss
= Db,
Dﬁ + DFr’l—l = (Pn +1iPns1 +j Pn2 + k I3n+3)
+ (Pns1 + 1 Pz + ] Pnag + K Pris)
= (Pn + I:)n+1) +i (Pn+1 + I3n+2)

] (Ps2+ Pnag) + K (Pnea + Pnas) (2.30)
= % [qn+1 + qn+2 +j qn+3 +k qn+4
= % D %+1|

and
Dhi2— DR-2= (Pns2+ i Pasa + j Posa + K Prss)
—(Pn2+1Pna+jPn+KkPns1)
= (Pn+2 - Pn—z) +i (Pn+3—Pn—1) (2.31)
+ J (Pn+4 - Pn) +k (Pn+5 - I3n+1)
= 20n +120n+1 + ] 20n+2 + K 20n+3
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= 2D}
where we used relations following:
Pn+1+ Pno1=0n,

Po+Pra= 5 AN,

Pn+2 - Pnfz = 2 qn. (232)
U

Theorem 2.3. Let Df be the n-th term of the dual Pell quaternion sequence (Df) and D_nP be

conjugate of D} . Then, we can give the following relations between these quaternions:
(D)’ = 2Py DF - P,
(DR)? + (DR-1)? = 2D%n-1 — Pana,

Df DF +Df1 D, = Ph+Phii=Pan, (233)

P — —
DR DnP+1 + Dh Dr? = P21+ P4 = Ponat,

D DP,y —~Df1 DR, =Phu—Pi1=2Pa,
Proof. It can be proved easily by using (2.11) and (2.12). Now, we will prove first two equalities
(DFr)l 2= PnPn+i (Pn Pn+1 + Phst Pn) + ] (Pn Pn+2 + Phs2 Pn)
+k (Pn Pn+3 + Pnss Pn)
=2 I:)n(Pn +1i P +j Pn2 + k I3n+3) - I:)Zn (2.34)
= 2P, D}, -P%
and using this identity, we get
(D} 2+ (DR-1)?=2P, DR -Ph —2R.1 D} 1 P34
=2 Pn(Pn+iPns1+ ] P2+ K Pres) — P%
+2 Po1(Pao1+ 1 Po + j Pras + K Pra2) —P3
=2 (P% + P%—l) + 2i (PnPn+1 + Pn_1Pn)
+j (PnPn+2 + Pn1Pns1) + K (Pn Pnsa + Pno1 Pnsg)—( P + P51)
=2 (Pan-1+ 1 Pon + ] Pones + K Pans2) —Pon g
=2D% 1 —Pon 1. (2.35)
We can prove last three equalities by using equations (1.7) and (2.12) as follows:

Df DP + Dy DP, = P3+ P31 =P,

Diw DP, + Di Df =Phu1+ P3=Poy, (2.36)
Diw1 DR, —Di-1 DP; = PR —PRi=2Pn. D

Theorem 2.4. Let D% be the n-th term of dual Pell quaternion sequence (D?). Then, we have the
following identities

n

ZleF’ =+ [D%: - DY, 2.37)
S=

b P 1

ZODn+s =7 [D pn+p+1 -D pn+1], (2.38)
S=
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(2.39)

n
ZlDzPs =1 D% - DY (2.40)
5=

Proof. (2.37) Hence, we can write

n n n n n
Z DSP = Z Ps +i Z P5+]_+j Z P5+2+ k Z P5+3
s=1 s=1 s=] s=1 s=1

= 3 [(Pn+Poss—P1=Po) +i (Pss + Pniz— P2~ P)
+J (Pns2 + Pnag —=P3— P2) + k (Pns3 + Pnea — Pa— P3)]
3 [Df + D%y~ DT - DY ]

2
1
2

[DR+D°, — 5 DP]

n+l

= ;[DP,,-D7.

n+l

(241
(2.38): Hence, we can write

p p p p p
z DnF-)I-s = z Pnes =i z Prss+1 +j z Phist2 + K z Prsse3
s=0 s=0 s=0 s=0 s=0

= % [(Pn+p+1 + I:)n+p —Pni1— Pn)

+i (Pn+p+2 + I:>n+p+1 _Pn+2 - I3n+1) (2.42)
+ ] (Pn+p+3 + I:>n+p+2 - I:>n+3 - I3n+2)
+k (Pn+p+4 + I:>n+p+3 - I:>n+4 - Pn+3)]

1
=5 [D°, ., +DF —DF —D7]

n+p+1 n+p n+1

=impr _pr
4 [Dn+p+1 Dn+1 :

(2.39) Hence, we can write

n n n n n
Y Dfia= X Paati X Pot j X Ptk 2 Pasio
s=1 s=1 s=1 s=1 s=1

(P1+P3+...+Pog) +i(P2+Ps+...+Pg)
+j(P3+Ps+...+Pons1) + k(Ps+ Pe+ ...+ Pas)

5 [(P2n—Po) + i (Pans — P1) + j (Pons2 — P2) + k (Pansz — P3)]

3 [Pan+ i Pans1 + j Pansz + k Pansal = 5 [Po+ i P+ j P2+ k Pg]
1

=7 [D%,~Dgl.

(243)
(2.40): Hence, we obtain

n

ZD;S =(P2+ P4+...+P2n)+i(P3+P5+...+P2n+1)
s=1
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+j(Pa+Pe+ ...+ Ponsg) + k(Ps+ P7+ ...+ Panss)
=3 [(P2n+1 —P1) + i (Pans2— P2) + j (Pna — P3)
+ k(P2n+a — Pa)]

= % [ Pan+1+ 1 Pans2+ j Panss + K Ponid]

~ L [Pi+iPy+jPs+kPy]
— 1P P
= $[D%,., -D°1.

n+1

335

(2.44)

0

Theorem 2.5. Let Df]’ and Dg be the n-th terms of the dual Pell quaternion sequence (Dg) and the dual

Pell-Lucas quaternion sequence (DP) , respectively. Then, we have
n

D?D{ - pp Df=2[P: D’-an DY),
D?DP - pP D°=2¢n.Pr=2Pa,

DPD" - DP Df =2[P,DP+qyD° -2 P,

P. P RP =
DPD’ +DP Df =2P, .
Proof. (2.45):

DE Df an =(Qn + 1 Qn+1 + J Onez + K Onea)
(Pn —1i I:>n+1 _j I:>n+2_ K I3n+3)
_(qn —i qn+1 _j qn+2 —k qn+3)
(Pn+ i I:)n+1+j I:)n+2+ kP

= (9nPn—gnPn)
+2i (qn+1Pn — qn Pn+1)
+2j (On+2Pn—0nPn+2)
+2K (0n+3Pn — On Pn+3)
=2Pn(Qn + 1 Qn+1 + j Qnez2 + K Qnes)
—20n(Pn + 1 Pps1+ j Pnio + K Prys)
= 2[Py D"~ g, D" 1.

n+3)

(2.46):

DR Df + DY D° = (Gn + i Gne1 + J Gnez + K Gnea)
(Pn —i I:>n+1 _j I:>n+2 -k I3n+3)
+(qn — 1 On+1—J On+2 — K Qn+3)
(Pn+iPps1+j Prig+ kPnys)
= (n[Pn— i Pn+1—j Pni2— K Pnag]
+(i gn+1 + J On+2 + K On+3)Pn
+Qn[Pn + 1 Pns1 + j Pni2 + Kk Ppag]

(2.45)
(2.46)

(247)

(2.48)

(2.49)

(2.50)
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+(—i gn+1—J qn+2 — K qn+3)Pn

= [ D + DF:,]
= 2 PZn.
where we used relation (2.13).

(247):

DR DP— D DY = (G +i Qs + j Qnez + K Gsa)
(Pn+ i Pns1+ j Prso + K Phys)
—(qn — 1 On+1 — J Qn+2 — K Qne+3)
(Pn -1 I:>n+1 _j I:>n+2 -k I3n+3)
= 2(0nPn— GnPn) + 2i (GnPn+1 + Gn+1Pn)
+2j (On Pn+2 + Qns2 Pn) + 2K (Qn Pn+s + Qn+3Pn)
= 20n D} +2 P, DR— 4 Pyy)
=2 [Py DR+ gn D — 2 Pan].
(2.48):
DR D°+ D D = (O + i Guss + j Gnsz + K Gova)
(Pn+iPps1+j Prig+ kPnys)
+(qn — 1 Q1 — j On+2 — K Qne+3)
(Pn —1i I:>n+1 _j I:>n+2 -k I3n+3)
= On[Pn + i (Pn+1— Pn+1)
+j (Pn+2 - Pn+2) + k(Pn+3 - Pn+3)]
+Pnlgn + 1 (Qn+1 — Qn+1)
+] (On+2 — qn+2) + K (On+3 — qn+3)]
= 20nPn=2P2.

Dual Pell Quaternions.

(251)

(2.52)

0

Theorem 2.6. (Binet’s Formulas). Let Df, and D}, be n — th terms of dual Pell quaternion sequence
(D%) and the dual Pell-Lucas quaternion sequence (D %), respectively. For n> 1, the Binet’s formulas for these

quaternions are as follows:

DP= ——[aa" —B4"]

and
DP=[aa" - B4"]
respectively, where B
o=1+i(2-p+j5 -2B)+k(12 -5p), a=1+ \f2,

éz “1+i(a-2)+j2a-5)+k(a-12), =1 —ﬁ
and

=2 2B)+i(6 -2B)+j(14 —6B) +k(34 —14P), a=1+ /2,
=(2a-2)+i (20 —6) +j(6a — 14) +k (14a —34), =1 - /2

= IR

(2.53)

(2.54)
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respectively.
Proof. The characteristic equation of recurrence relation Dz+2 =2 D';’ﬂ + DFr’] is
2 -2t -1=0. (2.55)
The roots of this equationare a=1+ /2 and =1 - /2

wherea +f =2, a—-pf =2ﬁ ,af=-1.
Using recurrence relation and initial values D(F)’ =(0,1,2,5),
D" =(1, 2,5, 12) the Binet’s formula for D", we get

DP=Aa"+Bf'= 3 [aa" - "], (2.56)
Df - Df D -Df
where A= —L Oﬁ,Bza 0 L and
oa-p oa-p

a=1+i(2-p)+j(5-2p)+k(12 -5p),
B =-1+i(a-2)+j@a-5) +k(a-12). 0
Similarly, using recurrence relation D? = DP  +2 DP, the Binet’s formula for DP is obtained as follows:

DP= (2o =B B"). (257)

Theorem 2.7. (Cassini-like Identity). Let DrF]’ and DE be n —th terms of dual Pell quaternion sequence
(DE) and the dual Pell-Lucas quaternion sequence (Dﬁ) are as follows:
D°  DP . —(D°)?=(-1)"(1+ 2i +6j + 14k), (2.58)
and
DP  DP. — (DP)?=8(—1)™' (L1 +2i+6j+14k) (259)
respectively.

Proof. (2.58):
Dsfl Ds+1 - (DFr:)z = (Pnoa+ 1 Pn+jPoia+ kPns2)
(Pn+1+ i1 Ppig+ j Pz + K Ppya)
—(Pn+iPni1+ j Pri2+ kPnas)
(Pn+iPps1+j Pnia+ KPpys)
= (Pn 1P+ —Pzn)
+i (Pn-1Pn+2 —Pn Pn41)

+j (Pn -1Pn+3 = 2Py Prea + Pﬁﬂ)
+K (Pn-1 Pn+a + Pns1 Pri2) — 2PnPhys)
=(-1)" (1 + 2i + 6j + 14k). (2.60)
and
(2.59):

D271 DEH - (D?l)z =(@n-1+1Qn+] One1 + KQns2)
(On+1 + 1 Qne2+ ] Onea + K Qnea)
—(Qn *+ 1 Qn+1 + j Qne2 + K Qnes)
(Qn + 1 Qn+1 + J Ons2 + K On+a)
= (Gn-10n+1 — G7) (2.61)
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+ 1 (Qn-10n+2 — QnQn+1)
+J (Gn-10n+3 — 20nGns2 + 0,
+ K (On-10n+4 + Qn+10n+2 — 20n0n+3)
=8 (-1)™1 (1 + 2i + 6j + 14k).
where we use identities of Pell numbers and Pell-Lucas numbers as follows:
PmPn-1 —Pm-1Pn= ( _1)n Pm-n, Pn+2 =2 Pns1+ Py,

Om On-1 = Om-10n = ( _1)n+1 Om-n, Gn+2 = Qn+1 + 2. (262)
We will give an example in which we check in a particular case the Cassini-like identity for dual Pell
quaternions and for the dual Pell-Lucas quaternions. 0

Example 1. Let D?, D", D, and D, be the dual Pellquaternions such that
DY =1+2i+5j+12k,
DY =2+5i+12j+ 29k,
Df =5+ 12i +29j + 70K,
D =12 +29i + 70j + 169k.
In this case,
DY DY, — (D)% = (L +2i +5j+12k) (5 + 12i + 29j + 70k )
—(2+5i+12j+29)2
= (5 + 22i + 54j + 130k) — (4 + 20i + 48] + 116K)
= (-1)% (1 + 2i + 6j + 14K) (2.63)
and
D” Df —(Df,)?= (2 +5i + 12j + 29k (12 + 29i + 70j + 169k)
—(5+ 12i + 29j + 70k )?
= (24 + 118i + 284 + 686k)
—(25 + 120i + 290j + 700K)
= (-1 - 2i —6j —14k)
= (-1)3 (1 + 2i + 6j + 14K). (2.64)
Example 2. LetDF, D, D, and D", be the dual Pell-Lucas quaternions such that
DF =2 +6i+14j+ 34k,
DF, =6+ 14i +34j + 82k,
DP = 14 + 34i + 82j + 198k,
DP =34+ 82i + 198] + 478k
In this case,
D Df, —(D§)2=(2+6i +14j + 34k) (14 + 34i + 82 + 198)
—(6+ 14i +34j +82k)2
= (28 + 152i + 360j + 872K) (2.65)
—(36 + 168i + 408j + 984K)
= —(8 + 16i + 48 + 112K)
=8 (-1)*(1 + 2i + 6j + 14k)
and
D? D —(D9)?= (6 + 14i + 34j + 82k ) (34 + 82i + 198] + 478k
—(14+ 34i + 82j + 198k )?
= (204 + 968i + 2344 + 5656K)
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(196 + 952i + 2296j + 5544k)
= (8 + 16i + 48j + 112K)

= 8(—1)*(1 + 2i + 6 + 14k). (2.66)
3. Conclusion
The dual Pell quaternions are given by
DE =Pn+iPnt1 +j Pn+2 + K Pnsa (3-1)

where Py, is the n—th Pell number and i, j, k are quaternionic units which satisfy the equalities
i2=j?=kK’=ijk=0,ij= ji=jk=—kj=ki= -ik=0.
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