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Abstract

The purpose of this paper is to introduce the notion of fuzzy pairwise Ro axiom in fuzzy bitopological spaces and
study some of its properties. Several interesting results have been obtained viz. it satisfy hereditary, good extension,
productive and projective properties.
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1. Introduction

Fuzzy Ro spaces have been introduced and studied earlier by Hutton and Reilly? and Srivastava et al.’
independently. We follow here the definition given by Srivastava et al.. We introduce it as a generalization of F-Ro spaces.
We see that FP-Ro spaces satisfy hereditary, productive and projective properties. We have also seen that it is good

extension of P-Ro in bitopological spaces.
2.Preliminaries :
Here we shall follow Lowen’s definition of a fuzzy topological spaces (in short, an fts). The symbol P will

denote the unit interval [0,1] and 1X denotes the set of all fuzzy sets in X. All other undefined concepts are taken from>*7

Definition 2.15. Atriple (X, 71, T2), where X is a non empty set and T1, T are arbityrary fuzzy topologies on
X, is called a fuzzy bitopological space (in short, fbts).

Let (X, T1, ‘L'z) bean fots, A < Xand Tjg = {7\, ‘ AL € Ii} denoate the subspace fuzzy topology’ on A
induced by Tj,1 = 1, 2, then (A, Ta rzA) is called the subspace of (X, T4, 1'2) with the underlying set A.
Definition 2.27. Let {(X;, T1;, T2;) ¢ i EA} be a family of fbts’. Then the space (ITXi, ITryi, Itz is called

their product where It denotes the usual product fuzzy topology of the family {Tki: i EA } of fuzzy topologies on
X, k=1, 2.
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A property P is called productive if the product fbts (Xi, ri IItj) has P if each coordinate fuzzy space has P. A property P
is called projective if the product fbts (Xi, ri IItj) has P implies that each coordinate fuzzy space has P.

A property P of an fbts (X,ti,7j) is said to be hereditary if every subspace of the space possesses P.

The ‘good extension’ property in the sense of Lowen® has been extended to the case of fuzzy bitopological
spaces as follows:
A fuzzy bitopological analogue FP of a bitopological property P is said to be a good extension of P if for every bitopological
space (X,T1, T2) possesses P iff the fbts (X, o (T1), ® (T2)) possesses FP.

3. Fuzzy Pairwise Ro bitopological spaces :
In this section, we introduce the concept of fuzzy Ro bitopological spaces and study some of its properties.
Definition 3.1 : A bitopological space (X,T1,T2) is pairwise Ro (in short, P-Ro) iff for all x,yeX,x=y whenever
there is a UeTa such that U(x)=1, U(y)=0 there is also VeT> such that V(y)=1,V(x)=0.
Definition 3.2: A fuzzy bitopological space (X,t1,72) is fuzzy pairwise Ro (in short, FP-Ro) iff for all x, yeX,
xzy whenever there is a Uety, such that U(x)=1,U(y)=0 there is also Vet such that V(y)=1, V(x)=0.
The definition of fuzzy pairwise Ro bitopological spaces are good extension of pairwise Ro as seen below:
Theorem 3.1: A bitopological space (X,T1,T2) is P-Roiff the fuzzy bitopological spaces (X,w (T1),w(T2)) is FP-R,.
Proof: Let us assume that (X,T1,T2) be P-Ro. Take x,yeX, x=y. Suppose 3 Ue w(T1) such that U(x)=1, U(y)=0. Then
U(0,1]eT1 and is such that xeU™(0,1], yzU™(0,1]. Now since (X,T1,T2) is Ro there is VeTz such that xzV, yeV. Now
considering Vew(T) we found that
V(y)=1, V(x)=0. Hence (X,T1,T2) is fuzzy pairwise Ro.
Conversely let (X,(T1),w(T2)) be fuzzy pairwise Ro. Take x,yeX
x =y Then whenever 3U € T such that x € Uand yeu then the crisp fuzzy open set U is such that U(x)=1,

U(y)=0 and since (X,o(T1),0(T2)) is fuzzy Ro there is Ve o(T)
Such that V(x)=0, V(y)=1. Now V}(0,1]eT2 such that xzV2(0,1]
and ye V1(0,1] implying that (X,T1,T2) is pairwise Ro.
Next we show that FP-Ro satisfy hereditary property as:
Theorem 3.2: Every subspace of fuzzy pairwise Ro fuzzy bitopological space is also fuzzy pairwise Ro.
Proof : Let the fbts (X,t1,72) be a fuzzy pairwise Ro. Let (Y,t1v,12v) be its subspace. Let x, yeYcX,x=y. Since
(X,t1,72) is fuzzy pairwise Ro whenever there is a Uet: such that U(x)=1,
U(y)=0 there is also Vet2 such that V(y)=1, V(x)=0. Now we see that whenever there is a Uv(x)=UNY(x)=1,
Uy(Y)=UNY (y)=0 there is also Vet2 such that Vy(y)=VNY(y)=1,
Vy(X)=VNY(x)=0. This implying that (Y,t1y,t2y) is also fuzzy pairwise Ro.
Proposition 3.1: An fbts (X,t1,t2) is fuzzy pairwise Ro iff the fts (X,t1) and (X,t2) are fuzzy Ro.
Proof: First let us suppose that the fbts (X,t1,t2) is fuzzy pairwise Ro. Then for x,ye X, x=y whenever there is
a Ureta such that
U1(x)=1, U1(y)=0 there is also V1(y)=1 and V1(x)=0. Now if we take y,xe X, x=y then whenever there is a U2e11 such that
U2(x)=0,
Uz(y)=1 there is also V2et2 such that Va(y)=1, V2(x)=0. Thus for x,yeX xzy we have seen that whenever there is 11-
fuzzy sets U1 and Uz such that U1(X)=1, U1(y)=0 and U2(x)=0 , Uz(y)=1 there is t2-fuzzy open set V1 and V2 such that
V1(x)=0 ,Vi(y)=1 and V2(x)=1, V2(y)=0. Thus (X,t1) and (X,t2) is fuzzy Ro.
Conversely suppose that (X,t1) and (X,t2) is fuzzy Ro. Then first taking (X,11) fuzzy Ro, for x,ye X, xzy
whenever there is a Ueti such that U(x)=1, U(y)=0 there is also V et1 such that V(x)=0,V(y)=1. Next taking (X,t2) fuzzy
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Ro, for y,xeX, y=x whenever there is Uet2 such that U(y)=1, U(x)=0 there is a V etz such that
V(x)=0, V(y)=1. Thus for x,yeX, x=y whenever there is Uet1 such that U(x)=1, U(y)=0 there is also Vet2 such that
V(x)=0,V(y)=1
Implying that (X,t1,72) is fuzzy pairwise Ro.
Next we show that FP-Ro satisfies productive and projective properties:

Theorem 3.3: Let {(Xi,t1i,t2i); icA} be a family of fbts. Then the product fbts (ITXi,ITt1i,I1t2i) is FP-Ro iff each
coordinate space (Xit1i,72i) is FP-Ro.

Proof: First let each coordinate space {(Xi,t1i,72i),ic A} be FP-Ro. Then show that the product fbts is FP-Ro, let
x,yeX , x=y, Let
x=IT X, y=ITyi where xj=yj for some je A. Now take XjyjeXj. Since (Xj,t1j,12j) is FP-Ro whenever there is a Ujetyj
such that Uj(xj)=1, Uj(y;)=0 there is a Vjetzj such that Vj(yj)=1, Vj(xj)=0. Now consider U=ITU;" and V=ITV{
where Ui=Vi for i=j ,Uj'=Ujand Vj=V; then whenever there is a UeITtsj such that U(x)=1, U(y)=0 there is a V etzj such
that
V(y)=1, V(x)=0. Thus the product fuzzy bitopological space is
FP-Ro.
Conversely, let (ITX;,ITt1i,ITt2i) be fuzzy pairwise Ro. Consider any coordinate spaces say (Xi,t1i,t2i) choose Xi, yie Xi,
Xi#yi. Construct x,yeX such that x=I1x; , y=ITy; where
>=r<inf Ujf(x)) for all j e A=r<Uj(xj) for all j € A= U(y)=0= I1Uj(y)=0 . Then there is a fuzzy point yseV such that
there exist a basic fuzzy open set TTV*eIlty; such that yselTVicV
=s<V(y;) for all j eA and TIVj*(y)=0.
Now TIUj (y)=0=Uj (yj)=0. Hence Uj (yj)=Uj"(xj)> r
Similarily TIV(y)=0=V{#(xi)=0 . Thus V&(x)=Vi(yi)> s
Consider Sup Ui'=Uietii and Sup Vi*=Vieti whenever there is a
Ui(xi)=1, Ui(yi)=0 there is a Vietyj such that Vi(yi)=1, Vi(xi)=0
Implying that (Xi,t1i,72i) is fuzzy pairwise Ro.

Conclusion

In this paper the concept of fuzzy pairwise Ro axiom in a fuzzy bitopological spaces has been introduced. The
appropriateness of our definition is established by proving some interesting relevant results. We proved that FP-R  in
fuzzy bitopological spaces is good extension of the corresponding concept of P-Rg in bitopological spaces. Our definition
of FP-Ro also satisfy hereditary, productive and projective properties.
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