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Abstract

In Inventory control theory, many suitable models for real life systems are constructed with the objective of
determining the optimal inventory level. In a system where the machines are in series for producing the finished products.
The reserve of semi-finished products between two machines becomes unavoidable to minimize the idle time of machines
in series. In this model the repair time of machines is assumed to be a random variable and it follows exponential
distribution which satisfies the so called Setting the Clock Back to Zero (SCBZ) property. Also, the truncation point of the
repair time distribution is itself a random variable and it follows mixed exponential distribution. Under this assumption an

optimal reserve inventory is obtained.
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1. Introduction

Describing the behaviour of the inventory system

in terms of the mathematical model carries out a
determination of optimal inventory under different real life
circumstances. When working systems are considered,
avoiding the breakdown of the system if quiet possible by
keeping reserve inventory between the machines are in

series. A system in which there are two machines M1 and
M3 are in series. The output of the machine Mz is the input
of the machine M,. The breakdown of My causes the idle
time of My, since there is no input to M2 from Mz. The idle
time of Mz is very costly and hence to avoid it, a reserve
inventory is maintained in between My and M2. The repair

time of My is considered as a random variable and after the
repair time of M1 is exceeded, it supplies to the reserve
inventory. If the reserve inventory is surplus in quantity,
there is an inventory holding cost. If the reserve inventory
slacks in its quantity, then it assumes the high idle time
cost. Hence, in order to balance these costs, an optimal
reserve inventory must be maintained between these two
machines. Therefore, the problem is to determine the optimal
reserve between M1 and M2. The very basic model has
been discussed by Hanssmann. F*. The extension over this
model is discussed by Ramachandran and Sathyamoorthi.

This type of models has been discussed by many
authors under the assumptions that the repair time is a
random variable. Sachithanantham. S et al.® discussed this
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model with the assumption that the probability function of
the repair time undergoes a parametric change after the
truncation point. The very basic concept of parametric
change known as SCBZ property was discussed by Raja
Rao. B and Talwalker. S.%. The model for optimal reserve
inventory between two machines under the assumption that
the repair time of machine M satisfies the SCBZ property
with the truncation point being a random variable is derived
bySachithanantham. S. et al.®>. And the same model with a
modification of the probability function of truncation point
is discussed by Ramathilagam. S. et al.®. The improvement
over this model is being discussed in this paper, in which
the truncation point is a random variable, which follows the
mixed exponential distribution with parameters 8, and 6,.

2. Notations

h . Inventory holding cost/ unit/ unit time.

d . Idle time cost due to Mz / unit time.

U : Mean time interval between successive breakdown
of machine M1, assuming exponential distribution
of inter-arrival times.

t : Continuous random variable denoting the repair
time of M1 with pdf g(.) and c.d.f G(.)

r : Constant consumption rate of M2 per unit of
time.

S : Reserve inventory between M1 and M2

T : Random variable denoting the idle time of M>

0 : Parameter of exponential distribution before the
truncation point.

0" : Parameter of exponential distribution after the
truncation point.

B : Probability value involved in the mixed
exponential distribution.

91 & 92 : Parameters of mixed exponential distribution.

3. Model I:

If T is a random variable denoting idle time of
My, it can be seen that

0 if ;>t
T= s s (1)
t—=  if-<t
r r

The expected total cost of inventory holding and idle time
of Mz per unit of time is given by

d poo
E(c) = hs+ ;f; (t =) o) ot )

The optimal reserve § can be obtained by solving the
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dE
equation (©) =0

The expression for optimal reserve inventory is given by

o(9)-1-2

This result is discussed in Hanssmann. F.1. It may be
observed that the above expression for optimal value of S

has a constraint that %d, otherwise the solution is not a

feasible one. Hence, a slight modification in the expression
for the expected total cost can be incorporated as below.

1. Model I1:

In this model it is assumed that the repair time
distribution satisfies the SCBZ property is basically
discussed by Raja Rao and Talwalker(1991). Under this
assumption

g(t) 9*)I t> XO
where Xg is a random variable denoting the truncation point

of repair time and it is distributed as exponential with
parameter A.

fe~0t Jift <X,
t, )= . . N
9(t, 6) {9*8—9 EeXo®=0) ifrsx, O

Thus

d [®] [
— _ _S
E(c) = hs + p fs/r US/T (t —5/r)g(t,0)dt

+ f (t—S/r)g(t,e*)dt]f(xo) dx,

d 5[ re
+— f [ t =5/ gt 9*)dt] f (x0)dxq
HJo Str
Under this model the optimal reserve inventory obtained

dE(c)_
ds 0

by solving the equation

hur(A+6—6")
d
This model discussed by Sachithanandam et. al.?

(0 — 6%)e~ At/ ) e=0"C/r) =

1. Results

In this model, it is assumed that the repair time of
machine Mz isa random variable and undergoes a parametric
change. That is the pdf of the repair time is exponential and
it undergoes a parametric change.
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_ 93_9t;iftSX0 _ﬁg e 0wy +(1_B)9 e 02y
9t 0) = {B*e—e*t eXo(07-0) if t > X, 4) ! ( )t g ( )t
- _ -6
where Xo is a random variable denoting that truncation point =B(e™ = 0)+ (=P )
and it is distributed as mixed exponential with parameter ~P(t< Xo)= e %1+ (1 — ﬁ)(e—azt)

B, and & . Hence the pdf of repair time can be rewritten as

) (1) = (1) (Be 1t + (1 - B)(e%))
f(t) = 9(t,0) P(t < Xo)+g(t,0") P(t>Xo)
+[79(t,0%) Bore~ %o+ (1 — B)Bre~02%odx(5)
It may be observed that the random variable ‘T’ defined in
=(*BO. =01V + (1 — B)B.e-02Vd equation (1) also undergoes a parametric change and the
ft & 1=59, Y average idle time of My is

Here P(t < Xo) = P(X, > 1) = f " ) dxg
t

E(T) = [, (¢ = /)Tt

= [t =5/ (a6, O)[(Be=) + (1 = B)(e™4)] + [ g 6,6 [Bbre % + (1 -
B)8,e~%%]dx, }dt

E(M)=0;,,(¢ = 5/r) g(t, O)[(Be™4%) + (e~%=)dt+ [ (¢ = S/rLf, 9(¢,67)[BOre "% +
(1 — B)Be~2%]dx,]dt
Thus the expected total cost is

d | o o
B© = hs + j ) [ j e =3pgteodr+ j =) g0t [

d ([ >
+;-fo [.fs/r(t -S/m g, 0*)dt] f(x0)dx,

dE(c)_
ds 0

d (|4 0 ” —b1Xo — —b2Xo

oh +;Lr Ig{f% (t—S/Pg(t 0)dt + fxo t—5/)g(t,0 )dt}J [ﬁele 6% + (1 —pB)6,e~" ]dxo +
S o

1 (s (£ = 59 (6,07 dt) (BO1e™% + (1 = BB %) dx, = 0(6)

d(®d d v d
+ —f — (I + I,)(BBe~%%0 + (1 — B)B,e %% )dx, + —f —I3(B1e7 %% + (1 — B)B,e~%2%0)dx, = 0
wls, ds uly ds

Consider

d . .
g(h + 1) f (t —5/p)0e~%dt + — f (t —S/p)0%e 0 texo® =0t

:fs’:o (_ %) fe-Otdt + f:: (_ %) 0* 0-0" teo(6"=0) gt
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___[ e O 0 xo6" 9)[ n t] 4E(e) _ 0
= - |, ds '
=>h +
o0 — =06 4 £V g o0 .
T T d oo (—e70C/M) —01x, -0,
dp ( )(Bele %0 4 (1 — B)Bye~0%0)dxy +
_1 [e—xo —9(5/1’)] e %00 vl r
= - S/ [ e=0"C/p) .
; r ) %fO/T (%exow —9)) (ﬁele—elxo
—A(S
75+ 1) =——e 90/M + (1= B)fre=02%0)dx, = 0 ©
r (7) d d
h+—I,+—1I5=0
AndSE = £ s, (t=5/r)67e 0 Mo -0 dt wtu (10)
Consider
— pgroxe(67-0) [© (_ 1) —6*t d
0'e fs/r )€ dt I = ,, ( e~0C/) (BO,e~%%0 + (1 — )6 e %%0)dx,
—g*e¥o(6"-0) [e—e*tr 01 P
- o)y 0 B o5/, e~ P2%0
r o |, {59 e 9(/)[ — L/r+(1 B)6,e7" [__92 ]/}
—d S S S S
_ e%0(6°=0) (0 e-0em) - M_T{[;e—e( /e84 (1 — B0/ e=02C/r)
—d
d[3 —e-B*(S/r) 6*-06) - W{BE_S/T(M—GO + (1 - B)e_s/r(eﬂgz)}
a—== =———e%Y " (8)
ds T

N

—dl /
Is :_fU Tﬁgle—G*s/re_xo(91+9—9*)dxo+f re—9*(s/r)e—Xo(92+9—9*)92(1_ﬁ)dxo]
0 0

S/ —xo(0,+6-6%) |/T
+ (1- ﬁ)@ze_e*(s/T)L
—(0,+6 - 67|,

—d e—x0(91+9—9*)

= — 6 _B*S/T—
o |P0e —(6, +6- 69,

_ g g (€T - + (1= B)oye o Cm e 007D —1
~wr P 6, +6-0) P e T

—d [ S/r(9+91) BQ e—e G/r) e—s/r(9+92) e—e*(s/r)
=— + -pB, —+ (1-p),——
pr | ﬁ191+9 0* (6,+6—6%) -a ﬁ)2(02+9—9*) ( B)2(92+9—9*)]
. dE_(c) _ 0= _1 —S/.(0+6,) _ —S/.(0+65) _il:_ e_s/r(9+91) L6, 9_9*(5/7‘) _
Todas 0=>h ur [Be " Vot (A= penr 2] ur 1 (9,+6-6%) (61+6-6%)
( ) e~ /r( 62) ( ) -6 (/r) ] 0
— o, (6,+6-6%) —B 2(9 +6-6")
LIPUNCITS ~S/(6+62) e~/r@+0) ¢ e 0°C/m)
h——RBe~ r+1__1_ e r+z+_9—__g—
,urﬁ -5 g Y, +6 -6 urﬁ 6, +6 -6
e—s/r(9+52) d 6—5/7(9*)

d
N e R D BT e e D
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h— i B e=>/r(0+61) (1 L) _ i

(0, +6—06%

7]
_ —5/r(6+62) 7z
(A=A (1 0, +0— 9*))

_ A —eem b0, +
ur 6, +6 -6

(1-p)8, “o
6,+6-069))

d s 91 s 02
_ L ge-5 0400 (1 _ —) 1 — B)e-"/r(0+6,) (1 _ —>]
h ur[ﬁe ' ( @ ro-gy) TR 6, +6-0"

B6:

(1 -p)b,

om0/
¢ 0, +6—0")

(92+9—9*)>:°

M = ﬁe—s/r(9+91) (9_—6) + (1 _ ﬁ)e—s/r(9+9z) <i>
6,+6—-0" 6, +6—-6%
. 0 1-p8)6 ]
+ 8_6 (S/r) B 1 ( ﬁ) 2 (11)
6, +0—-6*) (6,+60—-6%))]
Using the appropriate values of h, d, r, Using the ) 3 4 5 6
appropriate values of h d, ry, B,0,,0,&0", the optimal $ 19940 | 17270 159223 13583
value of S can be obtained.
6. Special Case:
Let 8 = 1,, then S
hur 5/, (646, 0—-0" 0%y 0, 20
T:[e e F”((91+9—9*))+ ¢ “/)((01+9—9*))] -
20
hur(6,+6 =67 . o - —
+ = [e /r(5+91)(g -0 ) + 916 6" /r)] (12) L] l|:| ——

This equation obtained by Sachithanandham et.
al.,%, in which it is assumed that the truncation point follows 3 4 5 i
exponential and it could be seen that the model (11) is

reduced to the above equation when § = 1.

7. Numerical Illustrations :
The variations in the values of optimal reserve

inventory "S " , consequent on the changes in the parameters
0, 6%, 1, d, h, and p have been studied by taking numerical
illustrations. The tables and the corresponding graphs are
given.

Case (i)

For h=5, =2, r=30, d=3000, p=0.5, 6*=4, §,=2,6,=3,

Case (ii)
For h=5, u=2, r=30, d=3000, $=0.5, 0=4, &;=2, 8,=3,

the optimal value of S is obtained and the variations in S for
the changes in the value of p*.

0> 2 3 4 5
S 25.859 | 20.009 17.270 | 15.686

the optimal value of S is obtained and the variations in S for
the changes in the value of 0.
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Case (iii)

For h=5, u=2, d=3000, p=0.5, 6=4, 0*=4, 8,=2,8, =3, the

optimal value of S is obtained and the variations in $§ for
the changes in the value of r.
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s

2000 3500 A000

2500

d

Case (v)
For p=2, r=30, d=3000, p=0.5,0=4, 0*=4, 8,=2, §,=3,

the optimal value of S is obtained and the variations in S for
the changes in the value of h.

r 30 35 40 45 h 2 3 4 5 6
S 17270 | 18.799 20.149 21.343 S 24142 | 21.101 | 18.943 | 17.27 | 15.902
S S
30 30
w 2'5' » 20 -—\'_‘———.___‘—‘_—_-
l? 10
1
0
30 35 40 45
2 3 4 5 i
r
h
Case (iv) Case (vi)

For h=5, p=2, r=30, $=0.5, 6=4, 0*=4, #,=2,4,=3, the

optimal value of S is obtained and the variations in $ for the
changes in the value of d.

For h=5, 1=30, d=3000, p=0.5, 6=4, 0*=4, §,=2, §,=3,

the optimal value of S is obtained and the variations in S for
the changes in the value of L.

d 2500 3000 3500 4000

2 2.5 3 3.5

S 15.902 17.270 18.426 19.427

u
S 17.270 15.596 14.229 13.073
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From the tables and graphs it is observed that,
As 0, the parameter of the repair time increases, the optimal

reserve inventory S decreases.

As 0*, the repair time increases, the optimal reserve
inventory decreases.

As r, the consumption rate of My increases, the optimal

reserve inventory S increases.
As h, the parameter of the holding cost increases, the optimal

reserve inventory S decreases. It is understood that, the
model suggests small size inventory, when the inventory

holding cost increases.
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