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Abstract

In this paper, the authors study the various properties enjoyed by strict and dominant fuzzy graphs introduced
in®, by the authors. The usual operations on these fuzzy graphs are not extendable. For the first time such deviant nature

is analysed.
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1. Introduction

In this paper, the authors continue their study about strict fuzzy graphs and dominant fuzzy graphs introduced

in®. This paper is organized into four sections. Section one is introductory in nature. The basic concepts used are recalled

in this section. In section two, many interesting properties enjoyed by these graphs are obtained. In section three, the
various operations like composition, union and join of these fuzzy graphs are analysed and shown that they are not
inherited in general. The final section gives the main research carried out in this paper. Here we recall the following

definitions from 3.

Definition 1.1: The support of a fuzzy set p of a set X is denoted by supp(p) and is defined as supp(p)={x eX]|u(x) > 0}.
Definition 1.2: A fuzzy graph (undirected and without loops) G = (V, I, p) isa nonempty finite set VV together with

a pair of functions p: V — [0, 1] and p: V xV— [0, 1] such that \/ u,v €V, p(u, v) < min {p(u), u(v)}, p(u, v) = p(v,u)
and p(u, u) = 0.
W is called the fuzzy vertex set and p is called the fuzzy edge set of G.

Definition 1.3: A fuzzy graph G = (V, I, p) is said to be a complete fuzzy graph if p(u, v) = min {u(u), p(v)} Vv
u,v e Vwithu = v

Definition 1.4 :2. Let G = (V, W, p) be a fuzzy graph. Then the complement of G is denoted by G®and is defined
as G® = (V, y, p°) where o°u, v) = min {u(u), u(v)} -p(u, v) v u, v e Vwith u zvand p° (u,u) =0V u e V.

Definition 1.5. Let G =(V, Y, p) be a fuzzy graph with |V| =n. LetV = {us, uy,...,un} be an ordered set of vertices.
The v —e matrix of the fuzzy graph G with respect to the ordered set V is denoted by m, (G) and is defined by m,(G) =[aij]n:n
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where
p(u,u;) if 0= |,
T wu) =i
Definition 1.6: A fuzzy graph G=(V, L, p) is said to be a strict fuzzy graph if p(u, v) < min {p(u), p(v)},v u,v e V.

Definition 1.7: Let G = (V, W, p) be a fuzzy graph and let V = {us, uz, ...,up}. A fuzzy vertex uk of G is said to
be dominant (fuzzy) vertex of G if

nwy> Y pU,u;).
1<j<V|

If every fuzzy vertex of G is dominant then G is said to be a dominant fuzzy graph.

For more properties and results about fuzzy graphs, strict fuzzy graphs and dominant fuzzy graphs, one can
refer’3,

2. Main Results Related With Strict Fuzzy Graphs and Dominant Fuzzy Graphs :

In this section, we prove several interesting and important properties enjoyed by strict fuzzy graphs and dominant
fuzzy graphs.

Proposition 2.1. A strict fuzzy graph G = (V, l, p) with |V| = n > 1 is not complete.

Proof. For, if G is a strict fuzzy graph then by definition

p(u, v) < min {p(u), u(W}, Yu,veV
and so p(u, v) = min {p(u), p(v)}, Yu, v e V. Hence the result.

Proposition 2.2. The diagonal entries of the v-e matrix of a strict fuzzy graph are strictly greater than all other
entries in the respective rows and columns.

Proof. By the definition of a strict fuzzy graph, the strength of any fuzzy vertex is strictly greater than the
strength of any fuzzy edge incident to it. The proof is evident from the fact that each diagonal entry denotes the strength
of each fuzzy vertex and the rest of the entries in the corresponding row (or column) denote the strengths of the fuzzy
edges incident to it.

Proposition 2.3. If G = (i, p) is a dominant fuzzy graph, then G is also a strict fuzzy graph.

Proof. Let G = (i, p) be a dominant fuzzy graph and let V = {u1, uz, ..., un}. Then Vv 1 <k < n, by definition,
nw) > X, P(UU).
I<j<n
To show: p(ui, uj) < min {u(ui), u(up}v ui, uje V.
Assume that the contrary holds. Then there exist distinct fuzzy vertices ur and um such that p(uz, um) = min{u(ui),

M(um)}. Now since G is a dominant fuzzy graph, p(uz) > Z P(Uwuj) = p(ui, um) +1Zj:np(u.,uj)
1<j<n iﬁ;

This implies p(u1) >p(ur, um). By similar argument, p(um) > p(ui, um). And so, p(ui, Um) < min {p(ur), w(um)}. Thisis a
contradiction to the assumption. Therefore G is indeed a strict fuzzy graph. 0

Proposition 2.4. A dominant fuzzy graph G = (V, I, p) with |[V| = n > 1 is not complete.

Proof. The proof follows from Proposition 2.1 and Proposition 2.3.

Proposition 2.5. A complete fuzzy graph G =(V, |, p) with |[V] = n > 1 is not a strict fuzzy graph and hence not
dominant also.

Proof. The proof follows from Definition 1.3, Definition 1.6 and Proposition 2.3. 0

Proposition 2.6. If G = (V, W, p) isa strict fuzzy graph such that V| > 1 and supp(p) #V xV\{(u, u) | u €V}, then
G°= (V, W, p°), the complement of G is not a strict fuzzy graph.

Proof. Let G = (V, I, p) be a strict fuzzy graph such that |V| > 1 and let supp(p) = V xV \ {(u, u)|u € V}.

This implies that there is atleast one fuzzy edge say (u, v) incident with two distinct fuzzy vertices u and v such

that p(u, v) = 0.
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Now, pf(u, v) = min {u(v), K(W)} - p(u, v) = min{u(u), u(v)}. Therefore GC is not a strict fuzzy graph.

Proposition 2.7. If G = (V, Y, p) is a strict fuzzy graph such that |V| > 1 and supp(p) =V xV\{(u, u) | u € V},then
GE = (V, 1, p°) is also a strict fuzzy graph.

Proof. Let G = (V, W, p) be a strict fuzzy graph with [V| > 1 and let supp(p) =V xV \{{(u,u) |u € V}.
Letu, v e V and let u = v. Now, p°(u, v) = min{u(u), u(v)} —p(u,v). By hypothesis, p(u,v) > 0; so p°(u, v) < min {u(u),
u(W}, vV u, v e Vwith u = v. Therefore G° is a strict fuzzy graph.

3. Operations on Strict Fuzzy Graphs and Dominant Fuzzy Graphs :

In this section, some operations on strict fuzzy graphs and dominant fuzzy graphs are analysed. It is seen in general
the properties are not inherited however under certain conditions they happen to inherit their original properties.

Notation: Throughout this section, the edge between the two vertices u and v is denoted as uv rather than (u, v)
because while taking the Cartesian product, a vertex of the product graph is, in fact an ordered pair.

Theorem 3.1. Let G1 and G2 be two fuzzy graphs such that each of their fuzzy vertices are dominant. Then it is not
necessary that every fuzzy vertex of G, the composition of G with G2 is also dominant. O

Proof. The proof is by an example. Consider the fuzzy graphs G1 and G2 given in the following:

u2(0.7) v»(0.8)
0.2 0.5
u1(0.5) v1(0.6)

Figure 1: Dominant fuzzy graph G: and G2
The v-e matrices of G1 and G2 are given by,

U, u, Vi Y,
u, |05 0.2 v, |06 05
G) =" G,) = *
™. (G u, {0.2 0.7} (. v, {0.5 0.8}
V1 = {ug, u2} V2 = {v1, v2}
X1 = {uiuz} X2 = {viva}.

Now,

Vix V2= {(ug, v1), (ug, v2), (U2, v1), (U2, v2)},
H10 M2 = H1x M2 on Vix V2
(M10 M2) (ug, V1) = (Max H2) (ug, vi) = min {pa(us), po(v1) }= min{0.5, 0.6} = 0.5,
(M10 H2) (u1, V2) = (M1x M2) (uz, v2) = min {pa(us), Ha(v2) }= min{0.5, 0.8} = 0.5,
(H10 H2) (u,, V1) = (H1x H2) (u,, v1) = min {p1(u2), pa(v1) }= min{0.7, 0.6} = 0.6,
(M10 H2) (U2, V2) = (M1x M2) (U2, v2) = min {pa(uz2), Ha(v2) }= min{0.7, 0.8} = 0.7

X ={(u, u2)(u, v2) | u € V1, uavae X2} U {(uz, w)(vi, w)| w € V2, utvie X1},

= {(u1, v1)(u, v2), (U1, va)(uz, va), (U1, v2)(uz2, v2), (U2, v1)(u2, V2)}.

Forallu € Vi, V uavz € X2, p1p2 ((u, u2)(u, v2)) = min{pa(u), p2(uz, v2)},

VW e V2V uwvie Xg, p,p, (Unw)(vy, w)) = min{pa(u), p,(us, vi)}.
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PP, (U1, v1) (U, v2)) = min {p1(ua), p,(v1, v2)} = min{0.5, 0.5} = 0.5,

PP, ((uy, V) (Uy V) = min {i,(v,), py (U, u,)} = Min{0.6, 0.2} = 0.2,

PP, ((Uy, V,) (Uy V) = min {i,(v,), p, (U, u,)} = min{0.8, 0.2} = 0.2,

p1p, (U, v)) (u,, v,)) = min {p;(u,), py(vy, v,)} = min{0.7, 0.5} = 0.5.

X% = {(u, w)u, v))[ue VvV, uv,e X} o {(u, wv,w)|weV,uveX}

W {(u, uy) (v, v)) [uv e X, uy# Vol

XONX = {(uy, v,)(uy, V), (U, vp)(Uy, Vo)

For all (u;, u)(v,, v,) € XO\ X, (Py0p,) ((Uy, U (v, Vo)) = min{p,(u,), Ky(V,), py(Uys V)3
(p109,) (U V(U v,) = Mingp, (Up,U,), Hy(Vy), Hy(v)} = min {0.2, 0.6, 0.8} = 0.2,
(py0p,) (g, v)(U,, v,)) = min{p, (u,,u,), (V). K,(v,)} = min {0.2, 0.6, 0.8} = 0.2.

(ulivl) (ul’vz) (UZ’VI) (UZ’VZ)
(u,v,) 0.5 0.5 0.2 0.2
_(u,v,)|05 05 02 02

© (u,v)|02 02 06 05
u,Vv,)|02 02 05 07

m, (G)

Each fuzzy vertex of G, and G, is dominant. However, it is not so in G. In fact none of the fuzzy vertices of G is
dominant. O

Theorem 3.2.1f G, = (V,, I;, p,) and G, = (V,, I,, ,) are two dominant fuzzy graphs then G, the union of G, and
G, is also a dominant fuzzy graph provided V,.n V,= &.

Proof. Let G, = (V,, 1, p;) and G, = (V,, 1,, p,) be two dominant fuzzy graphs such that V. V,= @, Let V,
be the ordered set of vertices {ul, Uy ooy um} and let V2 be the orderedset of vertices {vl, Vo, s vn}. Since Vlm V2= @,
Vl\V2 = V1 and V,\'V, =V, and so,

wu) if ueVv,
(1 ) (u) = .
w(u) if u eV,.
Again since Vlm V2= @, le X2 = ® and so X1 \ X2 = X1 and X2 \ X1 = Xz' Now,
p(uv) if uv e X,
(P Y p)(uv) = .
p,(uv) if uv e X,.

If G denotes the union of the two fuzzy graphs Gl and G2 and if V be the ordered set of vertices {ul, T A
v, }, then the v-e matrix of G with respect to the ordered set of vertices V is given by,

U, v,
G) = Ui mV1(G1) 0
B

Whereuie V1' Vi<i <mandv.e V2, vi<j<n.
Since the zero blocks cfo not contribute anything to the row-sum, the dominance of the vertices is not affected.
Thus, if the fuzzy vertices of G, and G, are dominant vertices then so are the fuzzy vertices of G provided V,n V,= ®.
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Example 3.1. Let G denote the union of G, and G, where G, and G, are as given in Theorem 3.1.

U, u, U, u,
u |05 0.2 u |05 0.2
mv,(G)= mv,(G)= -
u,{ 0.2 0.7 u,{ 0.2 0.7
Given,
Ve = {ugp o V, = vy, V1
X, = {uu} X, ={vv,}.
And so,
V= Vlu V2 = {ul, Uy vy, vz}
Vlm V2= O,
X =Xu X, ={uu, v,v,}
wy (u) if ueV,\V,,
(Y y) (U) = u, (u) if ueV,\V,
max{, (u), w, (W} if u eV, NV,.
P, (uv) if uve X;\X,,
(o) (W) =] ) if uve X,\X,,

max{p, (uv), p,(uv)} if uv e X, N X,.

u, |02 07 0 0
v, |0 0 05 05
v, |0 0 05 08

It is easy to see that each fuzzy vertex of G is dominant.
Theorem 3.3. Let G, and G, be two fuzzy graphs such that all their fuzzy vertices are dominant. Then it is not
necessary that every fuzzy vertex of G, the join of G, with G, is also dominant.

Proof. The proof is by an example. Let G denote the join of G, and G, where G, and G, are as given in
Theorem 3.1.

U u, Vi Vv,

u |05 0.2 v, 0.6 0.5
mvl(Gl): ' sz (Gz): '

u,|0.2 0.7 v,|05 08

Given
Vi ={ug, s} V, = 4vy v}
Xy ={uu,} X, = {vyvok
50,
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Vlm V2= O,

V= Vlu V2 ={u1, Uy vy, vz}

le X2= O,
X'= the set of all edges joining the vertices of V, and V, where we assume V" V= .
X=X v Xu X ={uu}ru{vv}u{uv, uv, uv, uv}

1V1r Y1V MoV
= {uluz, ViV, UV, UV, UV, u2v2}.

| m(u) if u eV,

(,ulu,uz) (u) = {uz(u) ifueVv,,
o, (uv) if uve X,,
(P1UP2) (uv) = pz(uv) if uve Xz,

min(gy (u), 1, (V)}if uv e X'

u U, Vi v

v, |05 02 05 05
m, (G) = v, 102 0.7 06 0.7
v, |05 06 0.6 05
v, |05 0.7 05 038

N

Each fuzzy vertex of G, and G, is dominant. However, it is not so in G. In fact none of the fuzzy vertices of G is dominant.

4. Conclusion

In this paper, the authors have analysed the properties enjoyed by strict fuzzy graphs and dominant fuzzy graphs.
It is shown that in general, the composition of two dominant fuzzy graphs need not be dominant. However the union of
two dominant fuzzy graphs is dominant provided their underlying crisp vertex sets are mutually exclusive. But in the
caseof join, this is not true in general.
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