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Abstract

In this paper, we propose some new topological indices: second, third, fourth and fifth multiplicative geometric-
arithmetic indices of a molecular graph. A topological index is a numeric quantity from the structural graph of a molecule.
Here, we compute the fifth multiplicative geometric arithmetic index of line graphs of subdivision graphs of 2D-lattice,
nanotube and nanotorus of TUC,C,[p,q].
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1. Introduction

In this paper, we consider only finite, simple and connected graph with a vertex set V(G) and an edge set E(G).
A molecular graph or a chemical graph is a simple graph related to the structure of a chemical compound. Each vertex of a
chemical graph represents an atom of the molecule and its edges to the bonds between atoms. A topological index is a
numerical parameter mathematically derived from the graph structure. These indices are useful for establishing correlation
between the structure of a molecular compound and its physico-chemical properties, see®.

The degree d_(v) of a vertex v is the number of vertices adjacent to v. Let S_(v) denote the sum of degrees of all
vertices adjacent to a vertex v. The line graph L(G) of a graph G is the graph whose vertex set corresponds to the edges of
G such that two vertices of L(G) are adjacent if the corresponding edges of G are adjacent. The subdivision graph S(G) of
a graph G is the graph obtained from G by replacing each of its edges by a path of length two. We refer to>® for undefined
term and notation.

We need the following results

. _ 1& 2
Lemma 1°. Let G be a (p, q) graph. Then L(G) has q vertices and EZ dg (ui) —( edges.
i=1
Lemma 2%. Let G be a (p, q) graph. Then S(G) has p+q vertices and 2q edges.
One of the well-known and widely used topological index is the product connectivity index or Randia index
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introduced by Randia in.
Motivated by the definition of the product connectivity index and its wide applications, Kulli [5] introduced the
first multiplicative geometric-arithmetic index of a graph G and it is defined as

2\/dg (u)dg (v)
GA Il = .
A= 1 5o vasw

Recently many other multiplicative indices were studied, for example, in

Motivated by the definition of the first multiplicative geometric-arithmetic index and by previous research on
topological indices, we now propose the second, third, fourth and fifth multiplicative geometric-arithmetic indices of a
graph as follows:

The second multiplicative geometric-arithmetic index of a graph G is defined as

GAllG) = [] 29Ny

n, +n,

6,7,8,9,10,11,12,13,14

uveE(G)

where the number n of vertices of G lying closer to the vertex u than to the vertex v for the edge uv of a graph G.
The third multiplicative geometric-arithmetic index of a graph G is defined as

2./m,m
GAll(G) = H N UV
uveE(G) mu +mv

where the number m  of edges of G lying closer to the vertex u than to the vertex v for the edge uv of a graph G
The fourth multiplicative geometric-arithmetic index of a graph G is defined as

2\e(u)e(v)
GA, I = —_
AJI(G) uvgg)e(u)w(v)

where the number &(u) is the eccentricity of all vertices adjacent to a vertex u.
The fifth multiplicative geometric-arithmetic index of a graph G is defined as

GAll(G)= ] S WSe W) Se(w)= Y. dg(v).

weE(G) Sg (u)+Sg (v) weE(G)

In**, Todeshine et al. introduced the first and second multiplicative Zagreb indices of a graph G and they are
defined as

2
,(G)= [T ds (W) 1,(G)= [ de)ds(v)
uev(G) uveE(G)
In® the first multiplicative Zagreb index is defined as
1 (G)= [ [de()+ds(v)]
uveE(G)
We now define a new version of multiplicative Zagreb indices as follows.
2 2 2 2%
g @)= [ ni.  wz@= ] nn. U7@= [ (n+n)
ueVv(G) uveE(G) uveE(G)
Also we define a new version of multiplicative Zagreb indices as follows:
3 2 3 3*
iy @)= [ m. w@= [ mm, @@= [ (m+m,).
uev(G) uveE(G) uveE(G)
We define another version of multiplicative Zagreb indices as follows:
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i G)= [ ew? 13G)= [] ewew) 17G)= [] [swW)+eW)]

ueVv(G) uveE(G) uveE(G)
We also define another version of multiplicative Zagreb indices as follows:
5 2 5 *
17(G)= [T Se? 12(6)= [] Sew)Ss(v) N7 (G)= [T [Se(u)+Ss(v)]
uev(G) uveE(G) uveE(G)

In this paper; we determine the fifth multiplicative geometric arithmetic index of line graphs of subdivision
graphs of 2D-lattice, nanotube and nanotorus of TUC,C, [p,q].

2. 2D-lattice, nanotube, nanotorus of TUC,C, [p,q] :

We consider the graph of 2D-lattice nanotube and nanotorus of TUC,C, [p,q] where p and g denote the number
of squares in a row and the number of rows of squares respectively. These graphs are shown in Figure 1.

$EY 3T Y

Gl Hl Kl
(@ (b) (©
Figure 1
(2)2D-lattice of TUC,C,[4, 2] (b) TUC,C,[4,2] nanotube (c) TUC,C,[4, 2] nanotorus

By algebraic method, we get [V(G,) = 4pq, [E(G,)| = 6pq — p - a: IV(H,)I= 4pd, [E(H,)| = 6pq - p, IV(K,)| = 4pa,
K] = 6pa.

3. Results for 2D-Lattice of TUC,C, [p,q] :
The line graph of the subdivision graph of 2D-lattice of TUC,C,[p, q] is shown Figure 2(b).

(a) (b)

Figure 2
(a) subdivision graph of 2D-lattice of TUC,C,[4,2] (b) line graph of the subdivision graph of TUC,C, [4, 2]
Theorem 1. Let G be the line graph of the subdivision graph of 2D-lattice of TUC,C, [p,g]. Then

8 4(p+q-2) 8(p+q-2)
o (S]] (52

if p>1, g>1,
13 17 Tp>L 9>
4 4(p-1 4(p-1
=[”§] X(m]( )X(lzﬁ]( ) oo 0ot
9 13 17 T

Proof: The 2D-lattice of TUC,C,[p,q] is a graph G with 4pq vertices and 6pg — p — g edges. By Lemma 2, the
subdivision graph of 2D-lattice of TUC,C, [p,q] is a graph with 10pq - p — g vertices and 2(6pg — p - q) edges. Thus by
Lemma 1, G has 2(6pq — p — q) vertices and 18pqg — 5p — 5q edges. It is easy to see that the vertices of G are either of degree
2 or 3, see Figure 2. Therefore we have partition of the edge set of G as follows.
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S.(U), S.()\uveE(G) (4, 4) (4, 5) (5, 5) (5, 8) @, 9) 9, 9)
Number of edges 4 8 2(p+g-4)  4(p+g-2)  8(p+g-2) 2(9pg+10) - 19(p+q)

Table 1. Edge partition of G with p>1 and g>1.

S.(u), S (M)\uveE(G) 4,4) 4,5) (5,5) (5, 8) (8, 8) 8,9) 9,9
Number of edges 6 4 2(p-2) 4(p-1) 2(p-1) 4(p-1) p-1

Table 2. Edge partition of G with p>1 and q = 1.

Case 1. Suppose p>1 and g>1.
By algebraic method, we obtain |V,|=8, |V |=4(p+q - 2) [V |=4(p+q -2), and |V | = 2(6pq — 5p — 5q + 4) in G. Thus
the edge partition based on the degree sum of neighbor vertices of each vertex is obtained as given in Table 1.

ul 286 (u)Sg (v)
GAII(G) =

) wek(g) O6 (U)+Sg (v)

(e (T e

444 4+5 5+5 5+8

=

8+9 9+9
- X[4\/7j x(1)2 (p+q-4) [4() pra-2) [lZ(j Pra?) ><(1)2(9pq+10)—19(p+q)

13 17
(58

9 13 17

Case 2. Suppose p>1 and q = 1.
The edge partition based on the degree sum of neighbor vertices of each vertex is obtained as given in Table 2.

ul 286 (u)Sg (v)
GAII(G) =

) weE(G) 56 (u)+Sg (v)

_ ENMTX[zﬁ]“{zmjﬂp—ﬂ{zmj«p )

444 4+5 5+5 5+8
X( 2./8x8 T( " ( 2./8x9 T( " ( 2499 )( "y
8+8 8+9 9+9

{4 {45 ]

z(@ X(@) o X[@)‘“‘” |

9 13 17

4. Results for TUC,C, [p,q] nanotube :
The line graph of the subdivision graph of TUC,C,[p,q] nanotube is shown in Figure 3(b)
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(a) Figure 3 (b)
(a) Subdivision graph of (b) line graph of subdivision graph of
TUC,C, [4, 2] nanotube TUC,C, [4, 2] nanotube.
Theorem 2. Let H be the line graph of the subdivision graph of TUC,C,[p,q] nanotube. Then
4p 8p
GA,lI(H) = (Mﬁj X(Mj »ifp>1and g>1,
13 17
4 4
w10 (12v2)"
=|———| X|=——| . ifp>landg=1.
13 17

Proof: The TUC,C, [p,q] nanotube is a graph H with 4pq vertices and 6pg — p edges. By Lemma 2, the subdivision
graph of TUC,C,[p,q] nanotube is a graph with 10pq — p vertices and 12pq — 2p edges. Thus by Lemma 1, H has 12pg-2p
vertices and 18pq — 5p edges. We see that in H, there are 4p vertices are of degree 2 and remaining all vertices are of degree
3. Therefore we have partition of the edge set of H as follows:

S,(u), Sy(v\uveE(H) (5.9) (5.8) (8.9) 9.9

Number of edges 2p 4p 8p 18pqg-19p
Table 3. Edge partition of H with p>1 and g>1.

S, (u), S(M\uveE(H) (5,9) (5.8) (8.8) &9 9.9

Number of edges 2p 4p 2p p p

Table 4. Edge partition of H with p>1 and g=1
Case 1: Suppose p>1 and q > 1.
By algebraic method, we obtain [V,| = 4p, |V,| = 4p and |V,|= 2(6pg -5p) in H. Thus the edge partition based on the
degree sum of neighbor vertices of each vertex is obtained as given in Table 3.

2SSy (W)Sy (v)

weE(H) St (W) +Sy (v)

GAlI(H)

5+5 5+8 8+9 9+9
4p 8p 4p 8p
:(1)2,){4\/1—0] X(lzﬁ] X(l)lquflgpz(m/l_o] X[lzﬁj .
13 17 13 17

Case 2. Suppose p>1 and q = 1.
The edge partition based on the degree sum of neighbor vertices of each vertex is obtained as given in Table 4.

2ySy (u) Sy (v)

WweE(H) Sy (u)+Sy(v)

(e e )

GAlI(H)

5+5 5+8 8+8 8+9 9+9
4p 4p

_ (4@]“” X(lzfz]“”.

13 17
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5. Results for TUC,C, [p,q] nanotorus :
The line graph of the subdivision graph of TUC,C,[p,q] nanotorus is shown in Figure 4 (b).

@) Figure 4 (b)
(a) subdivision graph of (b) line graph of subdivision graph of
TUC,C,[4,2] nanotorus TUC,C,[4,2] nanotorus.

Theorem 3. Let K be the line graph of the subdivision graph of TUC,C,[p,q] nanoturus. Then

GAII(K) = 1.

Proof: Let K be the line graph of subdivision graph of TUC,C, [p, g] nanotorus with 4pq vertices and 6pg edges.
Then Lemma 2, the subdivision graph of TUC,C, [p, g] nanotorus is a graph with 10pq vertices and 12pq edges. Thus by
Lemma 1, K has 12pq vertices and 18pq edges. We see easily that in K, |V | = 12pg and we have edge partition based on the
degree sum of neighbor vertices of each vertex as given in Table 5.

Si(u), S, (MuveE(K) 9,9
Number of edges 18pq

Table 5. Edge partition of K.

2Si (u)Sk (v) _[zx/—gxgjw”“ .

9+9

GAII(K) = =
& (K) UVQK) Sk (U)+SK (v)
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