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Abstract

The purpose of this study is to introduce, define and study several classes of nano quotient map in nano
topological spaces. We have initiated the several types of mappings such as nano ¢ -quotient map, nano strongly o -

quotient map and nano a*-quotient map in nano topological space and its properties are discussed. Also we have made
comparisions among them.
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1 Introduction

Lellis Thivagar et al.* introduced nano topological space with respect to a subset X of an universe which is

defined in terms of lower and upper approximations of X. The elements of a nano topological space are called the nano-
open sets. It has achieved a large amount of applications in various fields. Equivalence relation is the building block for the
nano approximations. It is named as nano topology, because of its size. Whatever may be the size of the universe, it has
atmost five nano open sets. Lellis Thivagar? defined various forms of quotient mappings in topological spaces. Many
authors assorted several forms of quotient mappings in terms of various forms of open sets in topological spaces. This
paper initiates the concept of nano quotient map, nano ¢ -quotient map, nano strongly ¢ -quotient map and nano

o -quotient map in nano topological spaces and its properties are studied. Some examples are also given to illustrate the
results.

2 Preliminaries :
The following recalls requisite ideas and preliminaries necessitated in the sequel of our work.

Definition 2.1 % Let ¢/ be a non-empty finite set of objects called the universe R be an equivalence relation on
U named as the indiscerniblity relation. Elements belonging to the same equivalence class are said to be indiscernible with
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one another. The pair (U, R) is said to be the approximation space. Let X < U .
(i) The Lower appproximation of X with respect to R is the set of all objects, which can be for certain classified as X with

respect to R and it is denoted by L, (X). Thatis,

L. (X) = U{R(x) : R(X) < X}, where R(x) denotes the equivalence class

Xeu

determined by x.
(ii) The Upper approximation of X with respect to R is the set of all objects, which can be possibly classified as X with
respect to R and it is denoted by

U (X) = [ AR :R(X) N X =T}

Xel
(iiiy The Boundary region of X with respect to R is the set of all objects which can be classified neither as X nor as not
-X with respect to R and it is denoted by

B (X) = U (X) - Ly (X)
Definition 2.2*: Let 4 be the universe, R be an equivalence relation on ¢ andz, (X ) ={U ,&, L, (X),U(X), B (X)}
where X < ¢/ and rR(X) satisfies the following axioms.
(i) U and D ery(X)
(i) The union of elements of any subcollection 7 (X ) isin 75(X).
(i) The intersection of the elements of any finite subcollection of 7, (X) isin 7(X). Thatis 7,(X) forms a

topology {{ called as the nano topology on I with respect to X. (£, 75 (X)) as the nano topological space. The
elements of 7 (X) are called as nano open sets. A set A is said to be nano closed if its complement is nano open.

Definition 2.3*: If (U4, 7, (X)) is anano topological space with respect to X where X < andif Ac!f,then

nano interior of A is defined as the union of all nano open sets contained in A and its denoted by A Int(A). That is

NInt(A) is the largest nano open subsets contained in A.
The nano closure of A is defined as the intersection of all nano closed sets containig A and its denoted by

NCI(A). That is NCI(A) is the smallest closed set containing A.
Definition 2.4* : Let (24, 7,(X)) be a nano topological spaces and A ¢/ then Ais said to be
1. nano semi-open if AcNcl(NVInt(A)).
2. nano ¢ -open if AcNInt(Ncl(Mint(A))).
3. nano pre-open if AcN Int(Ncl(A)).

Definition 2.5° : Let (¢/,75(X)) and (v, 74 (Y)) be a nano topological spaces, then the mapping
fo(u, (X)) > (V.75 (Y)iscalled

1. nano ¢ -continuous (resp. semi-continuous, pre-continuous) if the inverse image of each nano
open setin V' is an nano (¢ -open(resp. nano semi-open set, nano pre-open set) in 4.
2. nano ¢ -open mapping (resp. nano semi-open mapping, nano pre-open mapping) if the image of each nano open set
in { is an nano (¢ -open set (resp. nano semi-open set, nano pre-open set) in ) .
3. nano ¢ -irresolute (resp. nano semi-irresolute, nano pre-irresolute) if the inverse image of every nano (¢ -open set (resp.
nano semi-open, nano pre-open set) in ) is an nano ¢ -open set (resp. nano semi-open set, nano pre-open set) in &4 .
Throughout this paper, Z{ and ) are non empty finite universes, X < {f and Y ¢ } and where R and R are

equivalence relations on 2/ and ) respectively. (4,7, (X)) and (V ,7(Y)) are the nano topological space with
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respect to X and Y respectively.

3 Nano ¢ -quotient mappings :
In this section we define some notions of nano quotient mappings and their properties were discussed.

Definition 3.1 : Let f :/—> ) be a surjective map. Then f is said to be nano-quotient map: if f is nano
continuous and f (V) is nano open in U implies V is an nano open setin ' .

Example 3.2 : Let I{ = {a,b,c,d,e} with U IR = {{a}, {b,C}, {d,e}}. Let X = {a,d}gu, then

. (X)={u .2, {a},{a,d,e},{d,ef}. z2(X)={u.2,{a},{a,d,e},{d,e},{a,b,d e} {a,c,d,e}}.

= oy zuvpwitty R = {{x{y. 2} u vl Let Y = {x yf e v then 7 (Y) = {02, ixh {x v, 2h{y. 24}

() ={v. @,y 2Ly, 2} i v, 2, v {x y, z,ul} . Define f:u — V as f(a)=x, f(b)=u,
f(c)=v,f(d)=y,f(e)=1z.Then f isclearlya nano quotient map.

Definition 3.3 : The function f :4/ — )V s called nano quasi « -open if the image of every nano ¢ -open set

in ¢ isnano openiny) .

Example 3.4 : Let U= {a,b,c,d} with U /R = {{a}, {b,c,d}}. Let X = {a,b}gu, then
. (X)={u.@,{a},{b,c,d}}. 2 (X) ={u. @, {a}, {b,c,d}}. v={x,y, z,u} v IR"= {{y}, {x, z,u}}.
LetY ={y,ufcy. then 7 (Y) =0 @, {y} {x z,uf}. 7(V) = {02, {y}, {x z,u}}. Define {10 >V
as f(a)=y,f(b)=x,f(c)=z f(d)=u. Then f{a}: {y} f{b,C,d}: {X, Z,U}.Thusimageofnano
« -open set in 4 is nano open in 1), hence f isa nano quasi- ¢x -open.

Definition 3.5 : Let f :4f — V be a surjective map. Then f is said to be
1. nano « -quotient map: if f is nano ¢ -continuous and f*10/) is nano open in U implies

V is an nano ¢ -open set in )Y

2. nano semi-quotient map: if f is nano semi-continuous and f*(V) is nano open in ¢/ implies V is nano semi-open in )
3. nano pre-quotient map: if f is nano pre-continuous and f’l(\/) is nano open in ¢/ implies V is nano pre-open in )

Example 3.6 : Let U = {a,b,c,d,e}, with U /IR = {{a,c}, {b}, {d,e}}. Let X = {a,d,e}gU, then
o (X)={u. @,{d,e},{a,c,d,e},{a,cl}. and aso z2(X)={u. @,{d,e},{a,c,d,e},{a,c}}. Let

v =y zwhwitny R = {ix} {y, z) jwij and v= {x, 2} v thenz (V)= {v. 2.}, {x. v, 2} {y. 2}
TR,a(y)={V,Q,{x},{x,y,z},{y,z}} Now definef:U—Vas f(a)=x, f(b)=w,f(c)=x,f(d)=zf(e)=y.
Hence f{x}={a,c}. f*{x,y,z}={a,c,d,e}. f{y,z}={de}. t p}={u} t{@}={0}
Hence clearly, f isan nano-¢ quotient map.

Theorem 3.7 : If f:4{ — V s surjective nano ¢ -continuous and nano ¢ — open, then f is an nano
« -quotient map.
Proof : Let f (V) be nano open in ¢/ . Then f(f~*(V)) is an nano ¢ -open set. since f is an nano

Q -open set. Hence V isan nano ¢ -open set, as T is surjective, f (f’l(V)) =V. Thus f isannano ¢ -quotient map.
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Theorem3.8:If f :4{ — )V bean nano open surjective nano ¢ -irresoluteand g: Y —> ' be an nano
o -quotient map. Then gof is an nano ¢ -quotient map.

Proof : Let V be any nano open setin JA/ . Then gfl(\/) isan nano ¢ -open, since J isannano ¢ -quotient
map. And also since f is nano ¢ -irresolute, f (g (v)) isan nano o -open set. Hence (gof )’1(\/) isan nano o -

open set implies gof is an nano ¢ -open set. Hence gOf is an nano ¢ -continuous. Also, assume that (gof )’1(\/) be
nano open in U for Vo W, thatis f'(g™')(V)) is nano open in & . since f:U — V is nano open,
f (fﬁlgfl(\/)) is nano open in V. It follows that g~*(v) is nano open in ) f s surjective. since § is an nano

o -quotient map, V is an nano ¢ -quotient map, V is an nano ¢ -open set. Thus gof is an nano o -quotient map.
Remark 3.9 : The following example reveals the above theorem.

Example 3.10 : Let ¢/ = {a,b,c,d,e} with U [R = {{a,c}, {b}, {d }, {e}} Let X = {a, d,e}gb{,
then 7, (X) ={U @,{d e} {a,c.d.e}{ac}}.V = {x,y,z,w} withV /R" = {{x},{y, 2}, {w}}. Let Y = {x,y,z} V.
then 7, (Y)={V, @, {x},{x,y, 2}, {y, z}}- Now define f 12/ =V as f(a)=x, f(b)=w, f(c)=x, f(d)=z
f(e)=y.Hence f{x}={ac} f{xy,z}={acde} f{yz}={d,e}. f {}={u} fH{@}={T}
Hence clearly f is nano open, surjective and nano ¢ -irresolute. Y = {p, q,r, s} with  W/R"= {{p,q}, {r}, {s}} Let
Z={p,slc W ,then r.(2)={ W, @,{s},{p,q,s}{p,q}}. Now define g: V s W as g(x) =s,9(y) = p,g(z)=q,
g(w)=r. Hence g™*{s}={x}, g™p,q,s}={xy,2}, g7{p,a}={y,2}, where g is a nano @ -quotient map. Then
(gof)*{s}= £ g7 (5) = *{x}=fa,c} (gof) Mp.assi= f g7 (p.a,s) = fH{x, v zf={ac.d e}
(gof )’1{p, q}: f g™ (p,q)=f ’l{y, Z}: {d , e}. Thus gof is an nano o -quotient map.

Theorem 3.11: The function f :4/ — V' isannano o -quotient iff it is a nano semi-quotient map and a nano
pre-quotient map.

Proof : Let f bean nano ¢ -quotient map. To prove that f is nano semi-quotient map. Since f is a nano
QL -quotient map, f’l(\/) is an nano ¢ -open set, hence it is nano semi-open and nano pre-open in {{ . That is, V is any
nano open setin V' implies f’l(\/) is nano semi-open in 4 . Hence f isnano semi-continuous. Let f’l(\/) be an nano
open setin (4. Since f isanano o -quotient map, V is an nano ¢ -open set in V', which is nano semi-open and nano
pre-open in V', that is, f’l(\/) is nano-open in ¢ implies V is nano semi-open in V. Hence f is nano semi-quotient

map. Similarly we can prove that f isa nano pre-quotient map. Conversely, let f be a nano semi-quotient map and a
pre-quotient map. Let V be any nano open setin V. Since f is both a nano semi-quotient and a nano pre-quotient map,
f1(v) is both nano semi-open and nano pre-open in I{, so that f (V) is nano « -open set. Hence f is nano « -

continuous. Since f is a nano semi-quotient map and a pre-quotient map, V is nano semi-open and nano pre-open in V
so that V is nano ¢ -open in V. Thus f isannano ¢ -quotient map.

Example 3.12: Let U = {a,b,c,d} with U IR = {{a}, {b,c}, {d },} Let X = {a,d}g U, then
(X)) U D fa,dff i (X)={U. 2 fadblabdhlacdl. 2°(X)={. 2. fa.d}fab,d} {a.c.d}}.

o (X)={V. @ {a}.{d}.{a.b}. {a.d},{a.c} b.cl fc.d} fab.cl fab.df facdff. LtV =ixy,z,wj
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with V /R = {{x, 2}, {y,w}}. Let Y = {x,z} c U ,then 7., (Y) = {V DAzl e ) ={V, @, 2}, {x v, 2}, {x, z, w)l.
() ={V, @, {x,2},{x, y, 2}, {x, z,w}}.

22 (V) ={v &, {x} {2} {x y ) {x 2} (xow) {y, 2} {2 wh {x, y, 2 {x, v, wi {x, 2, w}. Define f U4 -V as
f@=xf(o)=y f(c)=w, f(d)=z.Then f*{x,z}={a,d}, which are nano o -open, nano semi-
open and nano pre-open. Therefore f is nano ¢ -quotient, nano semi-quotient and nano pre-quotient.

4. Nano strongly ¢ -quotient Mappings :
Here we introduce the concept of some sorts of nano strong quotient maps and its properties were characterised.

Definition 4.1: Let f :4{ — V' be aon-to map. Then f is called nano strongly ¢ -quotient (resp. strongly

semi-quotient, strongly pre-quotient) map provided a set U of V' is nano-open in V if and only if ffl(U) is nano
o -open (resp. nano semi-open set, nano pre-open set) in U4 .

Example 4.2 : Let I = {a, b,c, d,e} with ¢ /R = {{a,b}, {C,d }, {e},}. Let X = {a,c, d}g U, then
o (X) ={U. 2,{c,d},{a,b,c,d} {a,b}}. 2 (X) ={t/. @,{c,d },{a,b,c,d}, {a,b}}. Let¥ ={p,q,r,s}

withV /R' = {{p} {q} {r,s},}. Lety={p,r}cV thenz (Y) =V, @, {p}{p.r.s}.{r.s}}. 72 (Y) ={V,
Q,{p},{p,r,s}, {r,s}}. Define f ;U4 >V as f(a)=r,f(b)=5s,f(c)=p=1f(d), f(e)=t.clearly

f is nano strongly o -quotient map.
Theorem 4.3 : Every nano strongly ¢ -quotient map is a nano ¢ -quotient map

Proof : Let V be an nano open setin V. Since f is nano strongly ¢ -quotient, f *l(\/) isan nano (¢ -open

setin U . Let f*10/) be nano open in &/, then f’l(\/) is an nano ¢x -set in U/ . Hence f isan nano ¢ -quotient

map.
Remark 4.4 : Converse of the above theorem is false.

Example 4.5 : Let U = {a,b,c,d,e} with U IR = {{a}, {b,d}, {c,e},}. Let X = {a,e}gu, then
. (X)={u . {a}{a,c.e},{c.e}}. 72 (X)={u. @, {al{a,c.e}{ce}{ab.cellacde}.
V ={xy,z,u,v} with VIR = {{x},{y,v},{z,u}}. Let Y = {x,y} =V, then 7, (Y) ={V.@, {x},{x, y,v}, {y.v}}.
() ={V. @, {x}, %y, vh {y, v Xy, 2,V {X, y,u,v}}. Define f:U — V as f(a)=x, f(b)=u,
f(c)=y,f(d)=2z f(e)=v.Clearly f isnano o -quotient map but not nano strongly ¢ -quotient since
ffl{X, Y, 2,v}: {a,C, d,e} is an nano ¢ -open set in U4, but {X, Y, Z,V}% T (Y).

Theorem 4.6 : Afunction f :4{ — V' isnano strongly semi-quotient and nano strongly pre-quotient, then f
is nano strongly ¢ -quotient map.

Proof : Let V be an nano open set in V. Since f is nano strongly semi-quotient and nano strongly pre-

quotient, f*l(\/) is nano semi-open as well as nano pre-open, that is, f *l(\/) e N so(X) UNIpo(X) . Hence
fHV)erZ(X)=Nso(X)UN po(X). sothat f*(V)e N so(X).Since f isnano strongly semi-
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quotient map, V is nano open in )V . Similarly, f isnano strongly pre-quotient map, V is nano open in V. Hence V is nano

openin V iff f7(V)e N SO(X)UNIpo(X) =75(X). Hence f is nano strongly ¢ -map.
Remark 4.7 : Converse of the above theorem is not true, which can be shown by the following example.

Example 4.8: Let i = {a,b, c,d, e} with &/ /R = {{a}, {o,c},{d e}}. Let X ={a,d}= U, then 7 (X) ={U,
@ faj{a,d.ej {d eff i () ={U. @.{a} fa.d e}, {d e} fa.b.d e} fa.c.d el 77 (X) ={U @, {a}{ad e}
{d.elfabdehlacdeliabchibedell.V ={p,a,rsf with ViR ={p}fas)ir)}.Lety ={p.q)), then
@ ={U 2lolipastlosh =0 @ plpastas) () =1V, a{ph{p.rii{p.ashiors}h.
Define f:U -V as f(a)=p,f(b)=f(c)=r,f(d)=q, f(e)=s. Then f isnano strongly o -quotient
map, but not nano strongly semi quotient map. Since f *{p,r}={a,b,c}ez®(X), but {p,r}ez.(Y).
5. Nano ™ -quotient mappings :

In this section we have discussed about nano ¢~ -quotient mapping in nano topological spaces.

Definition 5.1 : Let f :Z{ — ) be a onto map. Then f is called nano o -quotient (resp. nano semi

* .quotient, nano pre * -quotient) map if f is nano ¢ -irresolute (resp. nano semi-irresolute, nano pre-irresolute) and
f (U) is nano o -open (resp. nano semi-open, nano pre-open) in & implies U is nano-open in V.,

Example 5.2 : Let ¢ = {a,b,c,d, e} with 4/ /R = {{a,b},{c,e},{d}}. Let X ={a,d}c U, then
to(X)={u.@,{d},{a,b,d}, {a,b}}. 72 (X) ={u. @,{d},{a,b,d}, {a,b},{a,b,c,d},{a,b,d,e}}.
V={p,q,r,s} with V/R"= {{p {a} {r,s}}. Let Y = {p.r}c ¥ then 7o (V) ={V . @ {p}{p.r.s}{r.s}}.
wv)={V, @,{pl{p.r,s},{r,s}}. Define f:U4 -V as f(a)=r,f(b)=s,f(d)=p, f(c)="f(e)=q.
clearly f isnano ¢ -irresolute. And f *{p}={d} ez (X) and {p}er, (Y). f *{p,r,s}={ab,d}ezs(X)
and {p,r,stery(Y). f{r,s}=1{abler?(X) and {r,s}eru(Y). Hence f isnano " -quotient map.

Remark 5.3 : It is sufficiently important that a nano ¢ -irresolute function need not be a nano o~ -quotient
map. This can be shown by the following example.

Example 5.4 : Let U = {a,b,c,d,e} with U /R = {{a,d}, {c,e}, {b}} Let X = {a,b}gU, then
.(X)={u. @, p}fabd}{ad}}. 2(X)={u &, {b}{ab,d}{ab}{abcd}{abde}
V={xy,z,w}with V /R" = {{x, 2}, {y,w}}. Let Y = {x, 2} < U , then 7. (Y) ={V, @, {x, 2}, {x, y, 2}, {x, Z, w}}.
) ={V, @,{x,2},{x.y,z},{x, z,w}}. Define f:U -V asf(a)=f(d)=1z f(b)=x f(c)=w,f(e)=y.
Clearly f is nano irresolute but not nano o -quotient map, since f‘l{x, Y, z}: {a,b,d,e}efg(x) and
xy.zpera ().

Definition 5.5 : A function f :4f — V is called nano strongly ¢ -open map if the image of every nano ¢ -

open set in ¢{ isanano ¢ -open setin V.
Example 5.6 : Let I :{a,b,c,d,e} with L{/R:{{a,b},{c,d},{e}}. Let X ={a,c,d}gU, then
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7(X)={¢, 2,fe.d} fab,c.d} fa.bl} 7z (V) ={u. @, {e.d | {abic,d} da bl v = {pa,rs,t)

with V [R" = {{p},{a},{r,s}, {t}} . Let Y ={p,r}c U, then o (Y) ={V.@.{p}ip.r.shirship.a.rship.r, st
t2(Y)={V, @,{p}{p.r,s}{r,s}}. Define f:U4 >V as f(a)=r,f(b)=5s,f(c)=p, f(d)=p,f(e)=t
Then the image of every nano ¢ -open set in Z{ is nano ¢ -open set in V and hence f is nano strongly ¢t -open map.

Theorem 5.7 : Let f :44 — V' be a surjective nano strongly ¢ -open map and nano ¢ -irresolute map and

g:V—>W beanano o -quotient map. Then gof is an nano o~ -quotient map.

Proof : Let V be anano ¢ -opensetin WV . Then g*(V) isan nano ¢ -open setin V. Since f isnano ¢ -irresolute,
ffl(gfl(\/)) is an nano ¢ -open set in U implies gOf is nano ¢ -irresolute. Suppose (gof )*1(\/) is an nano
o -opensetin U for V < W , thatis, f ’l(g’l(\/)) isan nano ¢ -open in 4. Since f isnano strongly o -open,
f(f *1(9*10/))) is an nano ¢ -open setin V', and since f is surjective, gfl(\/) is an nano ¢ -open set in V.
Since § isanano " -quotient map, V is a nano open set in W . Thus gOf is an nano " -quotient map.

Theorem 5.8 : If f:{{ — V' is nano semi™ -quotient map and nano pre * -quotient map and then f isnano 4*-
quotient map.

Proof : Let V be a nano ¢ -open set in V. Since f is nano semi* -quotient map and nano pre * -quotient map,
f*10/) is nano semi-open and nano pre-open in I, so f*10/) is also nano ¢ -open in & . Hence f isnano 1 -

irresolute. Let f*10/) be an nano ¢ -open set in U/, since T is nano semi™ -quotient map and nano pre * -quotient

map, V is an nano open set in V. Hence f isa nano o -gquotient map.
Remark 5.9 : The converse of above theorem need not be true which can be explained by the following example.

Example 5.10 : Let & ={a,b,c,d} with ¢/ /R = {{a,b}, {b}, {C}} Let X = {a,C}g U, then
. (X)={U. 2.} fac.d}fad}). 72 (x) ={U,2,{c} fa,c.d} fad )}, 70(X) ={U @, {c}. {a,c.d}, {a,d}, o,c} {a,b,d }}
22) ={U @ fa} e ld} fachladlicdlbchlacdl fabehbedl .V = {xyzwiwith VR = {{x 2} {y} wl}.
Let Y = {x,w}c V. then 7, (Y) ={V, @&, {w} {x,z,w}, {x, z}}. z&.(Y) =V, @, {w}, {x, z,w}, {x, 2}}.

e (V) =1 B wh i zi {y.wh iy, zh ix 2wl o (V) =14 2,k {2} wl {x. 2 fxowh fy wh,
zwh {x y,whiy, zwhix.zwl}. f:U >Vas f(a)=x,f(b)=y,f(c)=w, f(d)=zf(e)=y.Clarly f is
nano irresolute and also a nano ¢ *-quotient map. And also f is nano semi-irresolute, but f‘l{z,w} {C d}e R (X)
and {z,W}g TR,(Y) . This shows that f is nano *-quotient map, but not a nano semi-quotient map.

6. Comparisons :
In this section we have made comparisions among the several classes of nano quotient mappings in nano
topological spaces.

Theorem 6.1 : Every nano ™ -quotient map is nano strongly ¢ -quotient map.

Proof : If f isnano ¢ -irresolute and V is nano open setin )V then f (V) isnano ¢ -open set in I . Suppose
f (V) is nano ¢ -open set in &/, since f is an nano " -quotient map, V is a nano open set in V. Hence f is nano
strongly ¢« -quotient map.

Theorem 6.2 : Every nano quotient map is a nano ¢ -quotient map.
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Proof : Suppose f isanano quotient map. Let V be an nano open setin V', since f is nano quotient map f (V)

is nano ¢ - open in U . Therefore, f isnano ¢ -continuos. Let vV and f*10/) be nano open in V. Since fis a

nano quotient map, V is a nano open set in 1V, that is nano a-open set in V. Hence f is nano a-quotient map.
Remark 6.3 : Converse of the above theorem is not true which can be shown by the following example.

Example 6.4 : Let{{ = {a,b,c,d} with U [R = {{a,d}, {b,C}}.Let X = {a,d}gb{,then TR(X) =
{u.@,{a,df}. 12(X) ={uU @,{a,d}, {a,c,d}, {a,b,d}}. V= {x,y,z} wih VIR = {{x, z}, {y}} . Let
Y ={x, 2}V then 7. (Y) ={V . D, {x,z}} = 7% (Y) . Define f :U —V defined by f(a)=x, f(b)=y,
f(c)= f(d)=1z. Here f isboth nano " -quotient map and nano strongly ¢ -quotient map but not a nano quotient
map. Since f {x,z} = {a,c,d}e . (X).

Remark 6.5 : The following example shows that a nano quotient map is neithernano ™ -guotient nor nano

strongly ¢« -quotient map.
Example6.6: Let U = {a,b,c,d } with U/ I/R = {{a},{b,c,d }}. Let X ={a}c U ,then 7, (X) ={ U T, {a}}.

2 (X)={ U, {a},{a,b}{a,c}{a,d}.{a,b,c}{a,b,d}.{a,c,d}}. V ={p,q,r} with V/R"= {{p},{q, r}}.
Let Y={p}cV . then 7, (Y) ={V, @,{p}}. za(v)={ U, @,{p}{p.q}{p.r}} Define f:U — V defined by
f(a@)=p, f(b)=f(c)=q, f(d)=r.Clearly, f isa nano quotient map but is neither nano *-quotient map

nor nano strongly ¢ -quotient map. since f *{p,q} = {a,b,c}erZ(X), but {p,q}e . (Y)-

Remark 6.7 : The following table shows the relationships of nano quotient map with other sorts of nano quotient
maps. The symbol”1” in a cell means that a set implies the other maps and the symbol”0” means that a set does not imply
the other sets.

Functions A B C D
A 1 1 1 0
B 0 1 1 0
C 0 0 1 0
D 0 0 1 1

(A). Nano o "-quotient map (B). Nano strongly ¢ -quotient map (C). Nano ¢ -quotient map (D). Nano quotient map.

Conclusion 6.8 : The study of quotient mappings is applicable in most areas of pure and applied mathematics. This study

would open up the academic flood gates and new vistas in the field of Nano quotient spaces and bitopology for further

research studies.
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