ISSN 2231-346X JUSPS-A \ol. 29(2), 77-82 (2017). Periodicity-Monthly ISSH 2319-8044

‘ (Print) (Online)l | | ”H
Section A

ol 772231 1 346004 ali772319 1 804006

|
\\‘ ”/

HJ;.ME!,ISLSQEE;ZF JOURNAL OF ULTRA SCIENTIST OF PHYSICAL SCIENCES

\!/ An International Open Free Accgss Peer Review_ed I_?esearch Journal of Mathematics
website:- www.ultrascientist.org

e
SHgpaL oW

Estd. 1989

Computation of Separation Axioms in N-Topology
M. LELLIS THIVAGAR, 2M. AROCKIA DASAN 3V. RAMESH

School of Mathematics, Madurai Kamaraj University Madurai-625 021, Tamil Nadu, India
Corresponding Author 2E-mail : dassfredy@gmail.com
http://dx.doi.org/10.22147/jusps-A/290206

Acceptance Date 29th Dec., 2016, Online Publication Date 2nd Feb., 2017
Abstract

In this paper we introduce and characterize Ntg -open sets and derive that this class of Ntg-open sets forms

a topology on X. We also define the necessary and sufficient condition for a set to be Ntg-open set. Further we induce
various kinds of spaces in N-topology and its applications.
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1. Introduction

Norman Levine® initiated the concept of semi open sets in 1963. He® further investigated the properties of
g-closed sets. Dontchev! established some properties of separation axioms in o -topology. P. Sundaram et al.” introduced
some weak forms of closed sets and its separation axioms. Later on Lellis Thivagar et al.? initiated the concept of
N-topological space and defined its open sets. He® # also developed some weak forms of open sets and generalized closed
sets in N-topological space. Here we introduce and develop the properties of Nt g -open sets. Also we derive the necessary

and sufficient condition for a set to be Ntg-open set. Further we induce various kinds of spaces in N-topology and
characterize its properties.

2. Preliminaries :
In this section we recall some known results of N-topological spaces which are used in the following sections.

By a space (X, Nt), we mean N-topological space with N-topology N7 on X on which no separation axioms are
assumed unless explicitly stated.
Definition 2.1.2 Let X be a non-empty set, 71, T2, T3, ..., Tn be N-arbitrary topologies defined on X and let

the collection N7 be defined by
Nt ={ScX:S= U, AU, B), A,B; € 1;}
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satisfying the following axioms:

@) X,0 € Nt.

(ii) U:2.S; € Nt forall S; € Nt.
(iii) ™.S; € Ntforall S; € Nt.

Then the pair (X, N7) is called a N-topological space on X and the elements of the collection N7 are known
as N7 -open sets on X. A subset A of X is said to be Nz-closed on X if the complement of A is N z-open on X. The set
of all N7-open sets on X and the set of all N z-closed sets on X are respectively denoted by N7 O(X) and N7 O(X).

Definition 2.2.2 Let (X, N7) be a N-topological space and S be a subset of X. Then
(i) the Nz-interior of S, denoted by Nz-int(S), and is defined by

Nzint(S) = U {G : G < Sand G is Nz-open}.

(i) the Nz=closure of S, denoted by Nz-cI(S), and is defined by

Nzcl(S) = n {F: S c Fand F is N z-closed}.

Remark 2.3.3 A subset A of a N-topological space (X, N7) is called a
() Nz open set if A < Nzint (Nzcl(Nzint(A))).

(i) N7 -semi open set if A < N7 cI(Nzint(A))).
(iiiy Nz-pre open set if A < N7 -int (NzcI(A)).
(iv) N7 -B open setif A < Nzcl(N7 -int(NzcI(A))).

Definition 2.4.% A subset A of a N-topological space (X, N7) is called
(i) aNtgeneralized closed (briefly NTg -closed) set if Nz-Cl(A) < U whenever AcU and U is N z-open in (X, N17).
(i) aN7 - o generalized closed (briefly NTtag-closed) set if Nz-CI(A) < U whenever A < U and U is N z-open in

(X, N7).

(iiiy a N7 -generalized o closed (briefly NTga- closed) set if N7 - o cl(A) < U whenever Ac UandU isN7- o
open in (X, N7).

(iv) a Nt -generalized semi closed (briefly NTgs -closed) set if N7 -scl (A) < U whenever A < U and U is N7 -open
in (X, N7).

(v) aNT7 -semi generalized closed (briefly NTsg-closed) set if Nz-scl (A) < U whenever A U and U is N7 -semi
open in (X, N7).

(vi) a Ntg -closed set if Nz-cl (A) < U whenever A < U and U is N z-semi open in (X, N7).

(vii) a Nt*g -closed set if Nz-cl (A) < U whenever A < U and U is Nzg-open in (X, N7).

(viiiya Nt¥gs -closed set if Nz-scl(A) < U whenever Ac U and U is NT*g-open in (X, N7).

(ix) a Ntg -closed set if Nz-cl (A) < U whenever A < Uand U is Nt#gs-open in (X, N7)

Remark 2.5. (i) * The complement of a Ntg -closed (resp. NTag -closed, NTga-closed, Ntgs -closed, NTsg-
closed, Nt -closed, NT*g-closed, Nt#gs-closed, Nt g -closed) set is calld NTg - open (resp. NTag -open, NTga-
open, Ntgs -open, NTsg -open, Ntg -open, NT*g -open, Nt¥*gs -open, NTg -open) set.

(i) [4] The family of all NTg-closed (resp. NTag -closed, NTga -closed, Ntgs -closed, NTsg-closed, Nt g -closed,
NT*g-closed, Nt#gs-closed, Ntg-closed) sets of (X, N7) is denoted by NTGC (X) (resp. NtaGC (X), NtGaC (X)),

NTGSC(X), NTSGC(X), NtGC(X), NT*GC(X), Nt*GC(X),NTGC(X)) and the family of all Ntg-open
(resp. Ntarg -open, NTga-open, Ntgs -open, Ntsg-open, Nt g -open, N‘L’*g-open, NT#gs-open, Ntg -open) sets
of (X, N7) is denoted by NTGO(X) (resp. NtaGO(X),NtGaO(X), NTGSO(X), NtSGO(X), NtGO(X),
NT*GO(X), Nt*GO(X),NTGO(X)).

3. Characterization of N7 g -open sets :
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In this section we discuss some more properties of Ntg-open set and the relationships between this open set and
other existing open sets.

Proposition 3.1 Let (X, N7) be a N-topological space. Then
(i) every N7 -open set is NTg-open set but not conversely.
(i) every Nz-semi open set is NT#gs-open set but not conversely.

(i) every N7-a. open set is NT#gs-open set but not conversely.
(iv) every Ntg-open setis NTag-open set but not conversely.
(v) every Ntg-open set is NTgs-open set but not conversely.
(vi) every Ntsg-open set is N7-B open set but not conversely.
(vii) every NTga-open set is N7-pre open set but not conversely.
(viii) every N7-open set is Ntg-open set but not conversely.
(ix) every Nzg-open set is NTg-open set but not conversely.
(x) every Ntg-open set is NTg-open set but not conversely.
(xi) every Ntg-open set is NTag-open set but not conversely.
(xii) every Ntg-open set is NTsg-open set but not conversely.
(xiii) every Ntg-open set is N7-B open set but not conversely.
(xiv) every Ntg-open set is NTga-open set but not conversely.
(xv) every Ntg-open set is N7-pre open set but not conversely.
(xvi) every Ntg-open set is NTgs-open set but not conversely.
Proof: Proof is the analogue of Proposition 3.3, Proposition 3.7 *. Also the converse follows from Examples 3.4,
3.5,36,38%
Proposition 3.2 An arbitrary union of Ntg-open sets is Ntg-open.
Proof: It follows from the Theorem 4.7 4.
Proposition 3.3 If A and B are Ntg-open sets, then A N B is Ntg-open set.
Proof: Proof is analogue to the Theorem 4.9 4.

Remark 3.4 From the Propositions 3.2 and Proposition 3.3, we observe that the classof Ntg-open sets forms
a topology.

Theorem 3.5 A set A is N7 g-open if and only if F < Nt -int (A) whenever F is N7#gs-closed and F < A.

Proof: Necessity: Let A be Ntg-open and F = A, where F is Nt¥gs-closed. By definition, X — A is Ntj-
closed. Also X — A= X — F. Thisimplies Nz-cl (X — A) = X — F. But Nt-cl (A%) = X — Nt -int (A), then X — Nt -int (A)c
X — F.Thatis F < Nt-int (A).

Sufficiency: If isa NT#gs-closed with F < Nt-int (A) whenever F c A, it follows that X - Ac X - Fand
X —Nrt-int(A) c X — F. Thatis, N7-cl (X - A) c X — F. Hence X — Ais Ntg-closed and A becomes Ntg-open.

Theorem 3.6 If Nz-int (A) cB c Aand Ais Ntg-open, then B is Ntg-open.

Proof: By hypothesis A € B¢ & (Nt-int (A)). Thatis, A° € B¢ € (X — Nt -cl (A%)%= Nz-cl(A%). Since
A%is Ntg-closed and by Theorem 4.13 4, B®is Ntg-closed. Hence B is Nt -open.

Theorem 3.7 A set A isNtg-closed if and only if N7-CI(A)\A is Ntg-open set.

Proof:Necessity: Suppose that A is Ntg-closed in (X,Nt). Let F be a N gs-closed subset of NT-CI(A)\A. By
Theorem 4.12 4, F = @. Therefore, F < N 7 -int (N7-cI(A)\A) and by Theorem 3.5, N7-CI(A)\A is N7 g -open.

Sufficiency : Let A < Gwhere G isa Nt¥ gs-open set. Then N7-cl (A) " G¢ < N7-cl (A) N A°= NT-CI(A)\A.
since N7-cl(4) € Gis Nt*gs-closed set and N7-cI(A) \ A is Ntg-open, by Theorem 3.5, we have N7 -cl
(A) N G° S Nt -int (NT-cl(A) \ A) = @ . Hence A is Ntg-closed in (X,Nt).
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Theorem 3.8 For a subset A of (X,NT), the following are equivalent:
) A'is Ntg-closed.
(i) Nz-cl (A) \ A contains no non empty Nt#gs-closed set.
(iii) Nzl (A)\ A is Nzg-open.

Proof: Follows from Theorem 3.12 # and Theorem 3.7.

4. Some Separation Axioms in N -Topology :

In this section we introduce some new class of spaces via Ntg-closed set. The relationships between these
spaces and other existing spaces are also discussed.

Definition 4.1 An N-topological space (X,Nt) is called a
(i)  NtTy-space, if every Ntg-closed set is Nt-closed.

(i) NrgsTl#/z-space, if every Nt¥gs-closed set is Nt-closed.
(iii) Ntoa-space, if every Nt—o closed set is Nt-closed.

(iv) Nt,T,-space, if every NTag-closed set is Nt-closed.
(v) Nt,Ty -space, if every NTag -closed set is Ntg-closed.
(viy NTT} -space, if every Ntgs -closed set is Nt-closed.

(vii) NT*Ty/, -space, if every Ntg-closed set is NT*g-cIosed.
(viii) NtTy -space, if every N7g-closed set is Nt-closed.

(iX) Nt,Ty -space, if every NTag-closed set is Ntg-closed.
(x)  NtTy-space, if every Ntg-closed set is Nt-closed.

(xi) Nt4Tg-space, if every Ntg-closed set is Ntg-closed.

Theorem 4.2 Every NTT1/2 -space is @ NtTg-space but not conversely.

Proof: Let (X, Nt) be a NtT; /,-space and A be a Ntg-closed subset of X. By Proposition 3.7 4 Ais Ntg-
closed. Since X is a NTT7/, space, A is a Nt-closed subset of X. Therefore X is a NtTj-space.

Example 4.3 If N=5, X={a, b, ¢, d}, T1={®, X, {a}}, 7, = {8, X, {b}}, 13 = {0, X, {a}, {a, b}}, 74 ={0,X,{b},{a,b}}
and s = {@,X,{@,b}}. Then 5t0(x)={p,x,{a}, (b}{ab}}, 51GC (X) ={0,X,{c},{d}, {ac}{ad),
{b,c},{b,d},{c,d},{a,b,c}, {a,c,d}, {a, b, d}, {b, c, d}} and 5tGC(X) ={0,X,{c,d}{a c,d},{b,c d}}
Clearly, is (X,57) is 51 Tg -space but not 5t T%-space.

Theorem 4.4 Every NtTy-space is a NtTg-space but not conversely.

Proof: Proof trivially follows from Proposition 3.7%.

Example451fN = 2,X ={a,b,c}, 1, = {0,X,{a}} and1, = {@, X, {b, c}}. Then 270X ) = {8, X,{a},
{b,c}},21GC(X )= (8,X,{a}, {b,c}} and 2TGC(X) = P (X), the power set of X. Thus (X, 21) is 27T, -space but not
21Ty -space.

Theorem 4.6 Every NtT,-space is a NtTj; -space but not conversely.

Proof: Proof follows from Proposition 3.7 4.
Example 4.7 The space (X, 57) in the Example 4.3 is STTg -space but not a 57T, -space.

Remark 4.8 NtTj; -space and a Nt -space are independent as shown in the followingexamples.
Example 4.9 The space (X, 57) in the Example 4.3 is 57T;-space but not a 5ta-space.

Example 410 If N =5X = {a,b,c,d},t; = (0,X,{a}}, 1, = {0,X,{b,c}}, 13 ={0,X, {a,b,c}}, 7, = {0,
X,{b,c}.{a,b,c} and 75 = {0, X,{a}, {a,b,c} . Then 5t0(X) = {8, X,{a}, {b,c},{a,b,c}}, 5tC(X) = {0, %, {d}.{a, d},
{bl Cl d}} and STGC(X) = {Q); XI {d}’ {al d}l {b, d}l {Cl d}! {aJ Cl d}l {ay b; d}) {b’ C’ d}} Here (X751) iS
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5ta -space but not 5tT5-space.

Remark 4.11 NtT;-space and NTT1/2 -space are independent as shown in the following example.

Example 4.12 The space (X, 27) inthe Example 4.5 is 27Tg-space but not a 27T /,-space. Also consider if
N =2,X={ab, ¢,d}, s ={0,X,{a},{a,b,c}} and 1, = {8, X,{b,c}, {a,b,c}}. Then 2t O(X ) = {@,X,{a}, {b,c},{a,b,c}}
and 21GC(X) = {®,X,{d},{a,d}, {b,d},{c,d},{a,c,d}, {a,b,d},{b,c,d}}. Here (X,21) is 27T}, -space
but not a 27T-space.

Theorem 4.13 For a N -topological space (X, Nt), the following are equivalent:
(i) (X,Nt)isa NtTy-space.
(i) Every singleton of (X, NT) is either Nt¥gs-closed or N7 -open.

Proof: (i) = (ii): Let x € X and if {x} isnot Nt#gs -closed, then X — {x} is not Nt#gs -open. Since X is the only

Nt#gs -open set containing X — {x}. Then X — {x} is N7 g -closed set in X. By assumption, X — {x} is a Nz-closed set of
X or equivalently {x} is Nz-open.

(i) = (i): Let be a Nt -closed set and always A c N7-cl. Let x € NT-cl(A). By assumption, {x} is either Nt#gs -closed
or Nt-open.

Case (i): If {x} is Nt¥gs-closedand x ¢ A, then Nt-cl (A) — A contains a non-empty Nt*gs-closed set {x},
which is a contradiction to Proposition 4.12 [4]. Thus x ¢ A.

Case (ii): If {x} is Nt-open, since x € Nt-cl (A) then {x}n A # @.Sox € A. Thus in both cases x ¢ Aand so
Nt-cl (A) = A. Therefore A = N7-cl (A). That is, A is a N-closed. Thus X is a N7Tj -space.

Theorem 4.14 Every NtT ,-space is a N7 T -space but not conversely.

Proof: Let (X, NT) be a NtTy/,-space and A be a Ntg-closed subset of X. Since X isa NtT;/,-space, Ais a
Nt-closed subset of X and by Proposition 3.7 [4], A is Nt g -closed. Therefore X is a NTng -space.

Example 4.15 The space (X, 5t) in the Example 4.10 is 51'ng -space but not a 577} /,-space.

Remark 4.16 N7Tj -space and N7, Ts-space are independent as shown in the following example.

Example 4.17 The space (X, 5t) in the Example 4.10 is 5T4T-space but not a 51T, -space. The space (X, 51)
in the Example 4.3 is 5TT -space but not a 5T, Tg-space.

Theorem 4.18 If (X, N7) is a Nt,T;-space, then every singleton subset of (X,Nt) is either Nzg-closed or
Ntg -open.

Proof: Let x € X and if {x} is not Ntg-closed, then X — {x} is not Ntg-open. Then X is the only Nt-open set
containing X — {x}. So X — {x} is Ntg-closed. Since X isa Nt,T;-space, the set X — {x} is Ntg -closed or equivalently
{x} is Nt g -open.

Example 4.19 The converse of the Theorem 4.18 need not be true. Consider the space (X, 5t) in the Example
4.3, here the sets {c}, {d} are 5tg-closed and the sets {a}, {b} are 5rg-open. But it is not a 51'ng -space.

Theorem 4.20 A space (X, N7) is NtTy, if and only if (X, N7) is NtT; and N7,T}.

Proof: Necessity: It follows from Theorem 4.2 and Theorem 4.13.

Sufficiency: Suppose that X isboth NtT; and N7,T;. Let Abea Ntg -closed subset of X, then Ais NTg -closed.
Then A is Nt g-closed and Nt-closed. Therefore (X, N7) is a NtTy/,-space.

Theorem 4.21 Every Nt,T),-space is N7, Tg-space but not conversely.

Proof: Proof follows trivially from Proposition 3.7 “.

Example 4.22 The space (X, 57) in the Example 4.10 is 5t,,T;-space but not a 57, T},-space.

Theorem 4.23 Every Nt,T;-space is Nt,T,-Space but not conversely.

Proof : Let (X, NT) be a Nt,T;-space and A be a Ntarg-closed subset of X. Then A is a Ntg-closed subset of
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X and by Proposition 3.7 4, A is NTg-closed. Therefore X is a Nt,T,-Space.
Example 4.24 The space (X, 5t) in the Example 4.3 is 57, T,-space but not a 57, Tg-space.

Theorem 4.25 If (X,N7) is a N7,Tj -space, then every singleton subset of (X, N7) is either Ntag-closed or
Ntg-open.

Proof: Proof is similar as Theorem 4.15 .

Example 4.26 Converse of the Theorem 4.25 need not be true. Consider the space (X,5t) in the Example 4.3,
here the sets {c}, {d} are 5tag-closed and the sets {a}, {b} are 5tg-open. But (X,57) is not a 51, Tg-space.

Conclusion

Thus in this paper we introduced and investigated the properties of some generalized open sets. Further we
succefully developed various kinds of spaces and discussed the necessary and sufficient conditions. This theory has wider
scope of developing into other applicable research areas of topology such as Nano topology, Fuzzy topology, Intuitionistic
topology, Digital topology and so on.
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