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Abstract

Using PUL integrals, Boonpogkrong in 2 defined and discussed the Kurzweil-Henstock
integral on manifolds. In this paper, we introduce the PUL-Stieltjes integral of Banach-
valued functions and give some simple properties of this integral. Moreover, a charac-
terization of PUL-Stieltjes integral is also given by establishing the Cauchy criterion.

1 Introduction

In 2, Kurzweil-Henstock integral on manifolds is defined using partition of unity, a concept
introduced by J. Kurzweil and J. Jarnik in 3. In the said paper, the authors defined the
PUL integral and proved its equivalence to the Lebesgue integral in R™ using lower and
upper semi-continuous functions.

In classical theory, integration on manifolds is done by change of variables and the PUL
integral can be used in such process. Although the PUL integral of a real-valued function
f: M — R defined on compact differentiable r-manifold M is defined using an atlas ©, its
value is independent in the choice of ©.

In this paper, we introduce and discuss some of the simple properties of the PUL-
Stieltjes integral of functions taking values in a Banach space. Properties such as uniqueness,
homogeneity, and linearity of both the integrands and integrators are proved. Moreover,
Cauchy criterion for the PUL-Stieltjes integral is formulated and used to characterize such
integrals.

This is an open access article under the CC BY-NC-ND license (https://cretivecommons.org/licenses/by-nc-sa/4.0)
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2 PUL-Stieltjes Integral in Banach Space

In what follows, we denote a compact interval in R™ by [a,b] = H[ak, bg] with [ag,b] C R

k=1
n

for each k = 1,2,...,n and u([a,b]) = H(bk — ag) be the volume of [a,b]. Moreover, R"™ is
equipped with the norm || - ||,, defined b;ZI
x|, = max{|x;| :i=1,2,--- ,n}
and for r > 0, we write B(x;7) = {y € R" : ||z — yl|,, < r}, where
T—y=(T1—Y1,T2— Y2, " s Tn — Yn)

for = (x1,29,...,2) and y = (y1,Y2,- -+, Yn)-

For a smooth function v : [a,b] — R, the support of 1, denoted by supp 1, is given by

supp ¥ = {z € [a, b] : Y(zx) # 0},

where A denotes the closure of A C R"™. A gauge on [a,b] is a positive function defined on
[a, b].

Definition 2.1 ? A finite collection {1}, of smooth functions defined on [a, ] is said to
be a partial partition of unity if the following holds:

1. (&) >0 for all £ € [a,b] and for all k € {1,2,--- ,;m} and

2. ) (&) <1 for all € € [a,b].
k=1

If Z (&) =1 for all £ € [a, b], then {ty}}" ; is said to be a partition of unity.
k=1

Definition 2.2 2 Let ¢ : [a,b] — R be a smooth function and § a gauge on [a,b]. A triple
(&,1,), with € € [a,b] and I C [a,b], is said to be d-fine if

supp ¢ C I C B(&;6(€)).
Note that & may not be in supp 9. If (&, I,) is d-fine and « ¢ I, then ¢(x) = 0.

If 6; and 62 are gauges on [a, b] such that §;(&) > d2(€) and (&, I, ) is do-fine, then (&, I,v)
is also d1-fine.
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Throughout this paper, a division of [a, b] is a finite collection D = {I},}}* ; of subintervals
m

I, = H[al(k),bl(»k)] of [a, b] such that int(I;) Nint(Il;) = @ for k # j and U I = [a,b]. A

i=1 k=1
n

division D = {I;}*, of [a,b] = H[ak,bk] is a net if for each k = 1,2,...,m there exists a

k=1
division Dy, of [ag, bk] such that

D = { [1ise:te] : [s,te] € Dy for k= 1,2,...,m}.
k=1

Definition 2.3 2 A finite collection D = {(&, Iy, v%) }7", is said to be a §-fine partial division
of [a, b] if the collection {4}, is a partial partition of unity and every (&, Iy, ¥y) is d-fine.
If {4 }}2, is a partition of unity, then D is said to be a d-fine division of [a, b].

The existence of d-fine divisions of [a, b] is guaranteed by the open covering theorem and
the existence of a partition of unity 2.

Let D = {(&k, Iy, ¥x)}}, be a d-fine division of [a,b], and g : [a,b] — R be a function.
Suppose that for each k € {1,2,--- ,m}, the Riemann-Stieltjes integral / Y dg exists. Define

Iy
the PUL-Stieltjes sum of f with respect to g over D by

S(,9.D Zf &) / bn() dg(a Zf(&) X
=1 k

For brevity, we write a d-fine division of [a,b] by D = {(&,I,)} and a PUL-Stieltjes sum of
f with respect to g over D by

S(f,9.0) = (D)3 f(¢ /Mg—Zf /Mg

Remark 2.4 If Dy = {(&k, Ii, or) }iy and Dy = {(&;, j,wj)}jzl are two d-fine divisions of
[a’7 b]; then S(fagaDl) = S(f797 DQ)

Proof: Let D1 = {(&, Ik, pr) iy and Do = {(&;,I;,v;)}L, be é-fine divisions of [a,b].
Note that D; and D, differ only by the partition of unity. Then for each k£ = 1,2,...,m,
pj(x) =0, forall j#Fk and x ¢ Ij. Thus, for each k =1,2,...,m and for all © € I,

> wi(x) = v().
j=1

-3 e / [ij@)]mw) dg(x) = 3" F(&) | vnle) - o) do(a).
I, j=1
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Similarly,
S(f,9, D) =Zfsk/w] ) dg(z) = 3 £(€5) /1-wj<w)dg<w>
Jj=1 j=1
J;f /j [Z‘Pk ] (z) dg(x) = jz::lf(ﬁj)/lj @i (@) - i (x) dg(x).
Consequently, S(f,g,D1) = S(f,g,D2). [ |

Definition 2.5 Let (X, | - ||) be a Banach space. A function f : [a,b] — X is said to be
PUL-Stieltjes integrable to A € X with respect to g : [@,b] — R if for every € > 0, there exists
a gauge 0(§) on [a,b] such that for every d-fine division D = {(&, I, ¥r)}j-, of [a,b], we
have

||S(f>gaD) _AH < €.

If A is the PUL-Stieltjes integral of f with respect to g, then we write

A= [ fdg
[a,b]

Note that Remark 2.4 means that a PUL-Stieltjes sum is independent of the choice of the
partition of unity. Consequently, the value the PUL-Stieltjes integral is independent of the
choice of the partition of unity.

Theorem 2.6 The PUL-Stieltjes integral of f with respect to g is unique.

Proof: Let A and B be PUL-Stieltjes integrals of f with respect to g. Then there is a gauge
91(&) > 0 on [a, b] such that for any ¢;-fine division D of [a, b], we have

€
”S(f7gaD) _AH < 5

Similarly, there exists a gauge d2(£€) on [a, b] such that for any do-fine division D’ of [a, b], we
have

Take 6 = min{d1,d2}. Then ¢ is a gauge in [a, b]. Now, fix a d-fine division D of [a, b]. Then
D is both d1-fine and do-fine. Thus,

|A-B| < HA—S(f,g,D)H + HS(f,g,D) —BH < % + % _

Since € > 0 is arbitrary, ||[A — B|| = 0. Hence, A = B. [
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3 Simple Properties of PUL-Stieltjes Integral

Here, we show that the PUL-Stieltjes integral has the homogeneity and linearity properties
over both the integrands and integrators.

Theorem 3.1 If f; : [a,b] — X and fs : [a,b] — X are PUL-Stieltjes integrable with respect
to g: [a,b] = R and c € R, then cfi and f1 + fo is PUL-Stieltjes integrable with respect to g
on [a,b] and

/ cfidg=c | fidg and/ (htf)dg= [ fdg+ [ fdg
[a,b] [a,b] [a,b] [a,b] [a,b]

Proof: Let ¢ € R and let € > 0. Then there exists a gauge 6(§) on [a, b] such that for any
d-fine division D of [a, b], we have

<
1+ ||

S<f7gvD)_/[ b]fl dg

Thus, for any d-fine division D of [a, b] we have

€
1+ ||

< el - < e.

HS(cf,g,m -/

a,b

cfi dgH =lc|-||S(f,9,D) —/[ . f1 dg

Hence, cf; is PUL-Stieltjes integrable with respect to g and

/ cfidg=c f1 dg.
[a,b] [a,b]

For the remaining part, let € > 0. Then there exists a gauge 61(§) on [a, b] such that for
any 01-fine division D of [a, b], we have

€
<z

S(fl)gvD)_ fl dg 2

[a,b]

Also, there exists a gauge d2(£€) on [a, b] such that for any do-fine division D’ of [a, b], we have
S(f??.gaD/)_ [ ]f2 dg
a,b

Let 6(&) = min{0,(&),02(€)} for all € € [a,b]. Then 0 is a gauge on [a, b]. Let D be a d-fine
of [a,b]. Then D is both ¢;-fine and do-fine of [a, b]. Thus,

<6
2.

Hs(fﬁfz,g,D)—[ frdg+ | J2 dg]“

[a,b] [a,b]

< Hs(flagvD) _/[a,b] fl dg” + ' S(f?agaD) _/[a,,b] f2 dgH < %‘i‘%:ﬁ

Thus, f1 + f2 is PUL-Stieltjes integrable with respect to g on [a, b] and

/ (f1+ f2) dg = f1dg+ f2 dg. []
[a,b] [a,b] [a,b]
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Theorem 3.2 If f : [a,b] — X is PUL-Stieltjes integrable with respect to both ¢ : [a,b] — R
and gz : [a,b] — R on [a,b] and ¢ € R, then f PUL-Stieltjes integrable with respect to both
cg1 and g1 + g2 on [a,b] and

fd(cgn:c/ fdgy and / fd(gl+gz>=/ fdgl+/ £ dgs.
[a,b] [a,b] [a,b] [a,b]

The proof is similar to Theorem 3.1.

[a,b]

4 Cauchy Criterion
We the Cauchy criterion for the PUL-Stieltjes integral.

Theorem 4.1 (Cauchy Criterion) A function f : [a,b] — X is PUL-Stieltjes integrable
with respect to g : [a@,b] — R on [a, b] if and only if for any € > 0, there exists a gauge 6(&)
on [a, b] such that for any pair of d-fine divisions D; and Ds of [a, b], we have

IS (f,9,D1) — S (f,9,D2)| <e.

Proof: (=) Let € > 0. Then there is a gauge 6(£) on [a, b] such that for any J-fine division D
of [a,b], we have

S(f,g,m—/ f dg

< £
[a,b] 2

Let Dy and Dj be any two d-fine divisions of [a, b]. Then

HS(fvgaDl)_S(fvg7D2)

< S(f,g,Dl)—/ fdg|| +

[a,b]

/ fdg— S (f,g, Do)
[a’b]

<e+e
—+-=c
2 2

(<) By hypothesis, for each n € N, there exists a gauge 0,(£) on [a,b] such that for any
dp-fine divisions D,, and D), of [a, b], we have

1S(f: 9, Dn) = S(f,9.Dy)| < % (1)

We may assume that 6,,(§) > 0p4+1(€) for each £ € [a, b] and for all n € N.
For every n € N, let D,, be a fix d,-fine division of [a,b] and consider its corresponding
PUL-Stieltjes sum s, = S(f, g, D,). We show that the sequence (s,) > is Cauchy in X.

n=1

1
Let € > 0 and let N € N with N < €. Suppose that n,m > N. Then §,(£) < dn(€) and
Im (&) < dn(€) for all € € [a,b]. Thus, D,, and D,,, are both dy-fine division of [a, b]. Hence,

1
||5n_8771|| = HS(f’gaDn) _S(fvgva)H < N <e
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This shows that (s,)> is Cauchy in X. Since X is complete, (s,)+>
lim s, = A.
n—oo

converges in X, say,

We now show that f is PUL-Stieltjes integrable with respect to g on [a, b] and

Let € > 0. Since li_)m sp, = A, there exists N € N such that for all n > N
€
I1S(£,9, Dn) = Al = llsn — Al < 5. 2)

We chose N € N in which + < e. Put 6(¢§) = (&) for all € € [a,b]. Let D be any &-fine
division of [a, b]. Then D is dy-fine division of [a, b]. Since N > Ny, by (1) we have

1

€
1S(f.9.D) = 8(£,9. Dn)| < < 5 3)
Also, since N > Nj, inequality (2) for n = N; i.e.
€
IS(f.9.Dx) ~ A < & (@

Hence, by (3) and (4) we have
€

2

= €.

||S(f7g7D)_AH < ”S<fagvD) _S(fagyDN)”+ ”S(fvgaDN)_AH <§+

This shows that f is a PUL-Stieltjes integrable with respect to g on [a, b] and

/ fdg=A. |
[a,b]

In what follows, we denote the set of all compact subintervals of [a,b] C R"™ by Z,([a, b]).

Corollary 4.2 If f : [a,b] — X is PUL-Stieltjes integrable with respect to g : [@,b] — R on
[a,b] and I € Z,([a, b]), then f is PUL-Stieltjes integrable with respect to g on I.

Proof: Let € > 0. By Theorem 4.1, there exists a gauge §(€) on [a, b] such that for any d-fine
divisions D; and Dy of [a, b], we have

15 (fs9,D1) =S (f,9,D2)|| <e. (5)

If I = [a,b], then we are done. Suppose that I C [a,b]. Then there is a finite collection
J € Z([a,b]) such that I ¢ J and J U{I} is a net of [a,b]. For each J € J U{I}, fix a
O-fine division Dy of J. Let Dgl) and D?) be two J-fine divisions of I. Let

Di=DPu|JD; and Dy=DY U |J Dy
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Then Dy and D9 are J-fine divisions of [a, b] and

S(f.9.05)) = S(f.9.D1)~ Y S(f.9.D5) andS(f.g. D) = S(f.9.D2)— > S(f.g. D).

JeJg JeJg
Thus, by (5)
HS(fvgaDgl)) - S(f,gaDgQ))H = HS(fagv-Dl) - S(f?.gaDQ)H <€
The desired result now follows from Theorem 4.1. [ |

In what follows, let V[u, v] be the collection of all the vertices of an interval [u, v].

Definition 4.3 2 Let g : [a,b] — R. The total variation of g over [a,b] is given by

Var(g, [a,b]) = sup Z |Ay([u,v])] : D is a division of]a, b]}
[u,v]€D

m

where Ay([u,v]) = Z g(t) H(_l)X{uk}(tk‘)‘

teV[u,v] k=1

Definition 4.4 8 A function g : [a,b] — R is said to be of bounded variation on [a,b] if
Var(g,[a,b]) is finite. We denote BV ([a,b]) to be the collection of functions of bounded
variation on the interval [a, b].

Theorem 4.5 If f : [a,b] — X is continuous on [a,b] and g : [a,b] — R is of bounded
variation on [a,b], then f is PUL-stieltjes integrable on [a,b] with respect to g.

Proof: Let ¢ > 0. Note that the Riemann-stieltjes integral / pdg exists, whenever ¢ is
[a,b]
a partition of unity and g¢ is of bounded variation on [a,b]. Since g € BV([a,b]), M =

V(g,[a,b]) € R. Since f is continuous on [a,b], then f is uniformly continuous on [a, b].
Thus, there exists a 0 > 0 such that for any x,y € [a, b] with || — y||g. < 6(x), we have

1f () = fy)lx <

oM + 1]’

Let D1 = {(§,1,¢)} and D2 = {(¢,J,v)} be any two d-fine divisions of [a,b]. Let D3 =
{7, K,c} be a é-fine division of [a, b], where K = INJ with I € D; and J € Dy. . Observe
that

S(f.9.D1) = > f(& /cpdg—Zf[

IeD, IeDq

S(0.D2) = 3 110) [ wdg= Y 5(¢ [

JeDs JeD2

Z/ odg > f(e /Udgand

JED2 :| KeDs3

Z/ vdg| = 3 £(¢) /odg.

IeD, :| KeDs3
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Then

HS f?gaDl) - (f7gaD2)H < HS(fv.gaDl) _S(fag>D3)H + HS(.ﬁgvDS) _S(fag7D2)H

adg— Z flvy /UdgH—i—‘

H K€D3 KeDs

S ) / cdg— 3 F(¢C /adgH

KeDs KeDs

<y [Hf ‘/ adg‘ 1) = £Q)] - ‘/ odgu

KeDs KeD K

€

-5 o

Kb, M+1 Kb, 2[M+1] | Jk

€ / € €

= . Z o'dg’: . Z AyK) <

M+1 KeDg VK M+1 KeD; M+1

Therefore, f is PUL-Stieltjes integrable on [a, b] with respect to g. |
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