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Abstract

In this paper we prove the conrmon fxed point theorem in cone

metric space for rational inequality in normal cone setting. Our results

generalize the main result of Jaggis and Dass, Guptal.
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Introduction

The Banach contraction principle

with ratiorial expressions have been expanded

and some common fixed pointtheorems have

been obtainedl'2. Huang andZhanga initiated

cone metric spaces, which is a generalization

ofmetic spaces, by substituting the real numbers

with ordered Banach spaces. They have

considered convergence in cone metric spaces,

introduced completeness of cone metric
spaces, and proved a Banach contraction
mapping theorem, and some other fixed point
theorems involving conhactive type mappings

in cone metric spaces using the normality
condition. Later, various authors have proved

some common fixed point theorems with

normal and non-normal cones in these spacesT'8.

Quite recently Mohammad Arshad et al.6 have

introduced almost Jaggi and Gupta contraction

in partially ordered metric space to prove the

fixed point theorem. In this paper we prove

the common fixed pointtheorem in cone metric

space for rational inequality in normal cone

setting. Our results generalize the main result

ofjaggis and Dass, Guptal.

Preliminaries:

Definition: Let E be a real Banach

space and P a subset Of E. P is called a cone

ifand only if

(l) P is a closed, nonempty, and P * {0};

(ii) a, b e R, a,b)o,x,y € P= ax*by e P

(iii) Pn(-P)={0}

Given a cone P c E, we define a

partial ordering < with respect to P by x < y if
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and only if y - x e P. We shall write x < y
indicate that x < y but x;e y, while x<< y will
stand for y - x e int P, denotes the interior of
P. The cone P is called normal if there is a
number M > 0 such that for all x, y e E, 0 <
x < y implies llxll < tvt llyll.

The least positive number satisfring
above is called the normal constant of p. In
the followingwe always suppose E is aBanach
space, P is a cone in E with int p + d and < is
partial ordering with respect to p.

DeJinition: Let X be a nonempty set.
Suppose the mapping d:X x X -+ E satisfies

(i) 0 <d(r y)forallx,y € Xandd(4y):0
if and only if x: y :

(ii) d(x, y): dG x) for all x, y e X;

(iii) d(>,;y) <d(>! z)+d(ay)forall x,y,zeX.

Then d is called a cone metric on X.
and (x, d) is called a cone metric space.

Example: Let E: P,P : { (x, y) e
Elx,y> 0) c N,X:Randd: X x X -+ E
such that d(x, y) : (lx - y l, o lx - y l), where
a > 0 is a constant. Then (X, d) is a cone
metric space.

Definition: Let (X, d) be a cone
metric space, x e X and {xr} be a sequence
inX. Then

(i) {rr} convergences to x whenever for every
c e E with 0 << c there is a natural numberN
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such that d(rr, x) << c for all n e N.

(ii) {t,} is a Cauchy sequence whenever for
every c e E with o<<c there is a natural
number N such that d (xn, x^)<< c for all n, m
>N.

Definition.. Let (X, d) is said to be a
complete cone metric space, if every Cauchy
sequence is convergent in X.

Main Result:

Theorem: Let (X, d) be a complete
cone metric space and p a normal cone with
normal constant M. Let S, T : X + X be an
almost Jaggi contraction, for all x, y e X and

d (Sx, Ty) .a d'(sx, !v), ! (x,sx) + p d(a Sx)+d(x,y)
Lmin { d(x, Ty), d(y, Sx)}

WhereL >0 and cr, p € [0, l) with a+ p < l.
Then T has a unique fixed point in X.

Proof: Choose xe c X. Set.r1 = Tre,.r2 : S.r1

xr: Txn-1, .161 = S.r7

d (xr, xral ) = d(Sr^1, Tx,)

< 4ga3+3#i:rdl=! + p d(.r,_1, Sx,_1)

+ L min {d(r,_1,Txn), d(x,, Srr_1)}

. a d'(z- rr*), d lr."-r,t-) + p d(xn-1, xn)d(+-tr^)
+ L min { d(xn-t, xnal), d(xn, xn)}

(l - cr) d(xn, xn1) < p d(xna, xr)

d(x,, x,*y) 
= # d(xn-1, xn)

B\.k:11;y, o+P<l,o<k<l
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F d(x, Sx)and by induction,

d(xn, x*r) < k d(lrr, rn)

d(xr, xr-1,) 3 d(xn-1,, xn-t,) * d(xn-t, x*zY . ' .

*d(xr+^-t,xr)

<(tt+ 1fl,*r+. . .+P*^-1) d(xs, 11)

we get lld(r,, x,)ll 
= 
t * lld(ro, xr)llwhich

implies that d(rn, xr)r-+ 0 as n -) o. Hence l,
is a Cauchy sequence, so by completeness of

X this sequence must be convergent in X.

d (u, Tu) < d(u, x,-1)+ d(x,-r, Tu)

< d(u, r,"4)* d(Sxn, Tu)

<d (u, x,a1)*"lSW+B d(x,, Sx,)

* L min { d(rr, Tu), d(u, Sxr)}

<d(u, rnal )+ 
@06-r, *B d(x n,x na)

* L min { d(xr, u), d(u, x,+1)}

< d(u, x*r) I P d(xr, xr*)

lld(u, Tu)ll < ll d(o, x,*r)ll + Flld(r,, r,+r)ll

As n + 0 we have ll d(u, Tu)ll < 0. Hence we

get u = Tu. U is a fixed Point of T.

Corollary /; Let (X, d) be a comPlete

cone metric space and P a normal cone with

normal constantM. LetS, T: X-+ Xbe alaggi
constraction

d (Sx, Ty)<
ad(Sx, Ty), d(x,Sx)*

d(x,y)

forallX,y € X and cr, B e [0, l)with o+ P

< 1. Then S, T has a unique fixed point in X.

Proof : Set L = 0 in abovetheorem

we get the required condition'

Corollary 2: Let (X, d) be a comPlete

cone metric space and P a normal cone with

normal constant M. Let T: X -+ X be a Jaggi

conshaction

d (Tx. Tgaad?x, T!), !(x,rx)
- \---> -J ' d(x,y)

+ p d(a Tx)

forallX,y € X and cr, B € [0, 1) with cr+ P

< 1. Then T has a unique fixed point in X'
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