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Abstract

This study investigates some properties of regular congruence relations on a hyper BCK-algebra.
Furthermore, the concept of zero divisor graph of quotient hyper BCK-algebra is introduced and some of its
properties are investigated.
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1 Introduction

I. Beck? introduced the notion of zero divisor graph of a commutative ring in 1988. He associated a
simple graph G(R) toany commutativering R whose vertices are the elements of R , such that two vertices
X,y € R are adjacent if and only if Xy = 0. Since then, several authors studied the zero divisor graph of
commutative rings and extended the concept to zero divisor graph of commutative semigroups. In!, D.F.
Anderson and E. F. Lewis introduced a unifying concept of zero divisor graph over a commutative ring R
based on a multiplicative congruence relation ~ on R . Then R/~={[x]~|xeR}, the set of ~ -congruence
classes of R, is a commutative monoid under the induced multiplication [X]~[y]~=[Xy]~ with identity

element [1]~ and zero element [0]~. The ~-congruence-based zero divisor graph G(R/~) with respect to~ is

the graph whose vertices are the nonzero zero divisors of R/~ and with distinct vertices [X]~ and [Y]- are
adjacent if and only if [X]~[y]~ =[xy] ~ =[0]~.
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In® Y. B. Junand K. J. Lee introduced the concept of associated graph of BCK-algebra and verified

some properties of this graph. In8, O. Zahiri and R. A. Borzooei extended the work of Jun and Lee and investigated
the relation between some operations on graphs and some operations on BCK-algebras. This paper will
investigate some properties of quotient hyper BCK-algebra and its zero divisor graph.

2 Preliminaries
A hyperoperation on a non-empty set H is amap from H x H into P*(H) =P(H)\{J}. Let

"*" be a hyperoperation on H and (x,y) e H xH . For two nonempty subsets A and B of H,

A*B = UaeA‘beBa*b .Weshall use x*y instead of X*{y}, {x}*y or {x}*{y}.When A isanonempty
subsetof H and x € H , we agree to write Ax X instead of Ax {X}. Similarly, we write X» A for {x}* A.
In effect, A*X = UaeAa*X and X*A= UaEAX*a.

A hyper BCK-algebra is a nonempty set H endowed with a hyperoperation "*" and a constant Q
satisfying the following axioms: for all X, y,z € H , (HL) (X«Z)*(y+2)<< X*Y; (H2) (X#y)*z=(X*Z)*Y;
(H3))X *H < X;and (H4) X < yand Yy < Ximply X =Y, where forevery A,Bc H, A< Bifand
onlyif for each a € A, there exists h € B such that Q e a*b . In particular, for every X,y e H , X< yiif

and onlyif 0 € X * Y. In such case, we call "' << " the hyper order in H . The properties of hyper BCK-algebra
(H,=,0) are discussed in”.

Throughout the paper, denote a hyper BCK-algebra (H,,0) simply by H if no confusion arises,
unless otherwise stated.

Definition 2.1%" Let | be a nonempty subset of a hyper BCK-algebra H . Then | is said to be a
hyper BCK-idealof H if 0 e | ;andX*y<< land ye | imply xe | forall X,y e H.If (x*y)n | =
and y e | implies x e | forall X,y € H , then | issaid to be astrong hyper BCK-ideal of H .

Theorem 2.2 In any hyper BCK-algebra H , 0 < X, X < Xand x*0={x} forall xeH .
Definition 2.3° Let H be a hyper BCK-algebra and ® be an equivalence relation on H and
A/Bc H . Then,
() AG®B means that, there exists a € A and b € B such that a®b,
(i) A®B meansthat, forall a < A thereexists b e B such that a®b andfor all b e B there exists
a e A such that a®b,
(i) @ is called a congruence relation on H , if x®y and X'®y’ then x*x'@y=*Yy’, for all
X, ¥, X,y eH,
(iv) @ iscalledaregularrelationon H ,if Xx* y®{0} and y * x®{0},then x®y forall X,y e H .
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Theorem 2.4 3 Let @ be a regular congruence relation on H and H/® ={[x], : x € H}. Then
H/® with hyperoperation "*" and hyperorder "<" which is defined as follows,

[Xlo *[¥lo ={[z]e : 2 € x* y}.[X]o <[yl < [0ls €[X]o *[Vle
is a hyper BCK-algebra which is called quotient hyper BCK-algebra.

Lemma 2.5° Let ® be aregular congruence relation on H . Then [0]® is a strong hyper BCK-ideal
of H.

Definition 2.63Let H and H' be two hyper BCK-algebrasand f : H — H' beamap. Then f is
said to be a homomorphism of hyper BCK-algebras if f (x*y)= f(x)* f(y),forall x,yeH .If f is
one-to-one (onto), we say that f is amonomorphism (epimorphism). In addition, if f is both one-to-one and

onto, we saythat f isanisomorphism.If f :H — H' isanisomorphism, then we saythat H and H' are
isomorphicand we write H ~ H"'.

A graph G is an ordered pair (V (G), E(G)),where V (G) is a finite nonempty set called the
vertex set of G and E(G) is a set of unordered pairs {u, v} (or simply uv) of distinct elements from
V(G) called the edge set of G. A graph K =(V(K),E(K)) is a subgraph of a graph
G=(V(G),E(G)) ifV(K)cV(G) and E(K) < E(G) . Two vertices U,V ofagraph G are adjacent,
or neighbors, if uv is an edge of G . Moreover, an edge uv of G is incident to two vertices U,V of G . A
graph G iscalled an empty graphif E(G) = . Let G and K begraphsandlet f :V(G) —V (K) bea
function. Then f isagraph homomorphismif xy € E(G),then f(x)f(y) e E(K).Twographs G and

K are isomorphic (written as G =~ K ) if there exists a one-to-one correspondence between the vertex sets
which preserves adjacency;”.

3 OnRegular Congruence Relation of Quotient Hyper BCK-algebra

Lemma 3.1 Let ® be a regular congruence relation on H which is a hyper BCK- algebra and

H/® ={[x], : xe H}. Then [x], <[Y], ifand onlyif x <y forall X,y e H .

Proof: Suppose [X], < [Y] - Then [0], € [X] *[Y]o- By Theorem 2.4, 0 € X * y . Thus, X <.

Conversely, suppose X <y. Then 0 € X * y . By Theorem 2.4, [0], €[X]g *[Y]e - Thus, [X]o <[yl ®

Theorem3.2Let H be ahyper BCK-algebra. Then ® , ={(X,X)|x e H} and H x H are regular
congruence relations.
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Proof: Clearly, ®,, isan equivalence relation on H . We will showthat ®, isaregular congruence

H

relation. Let x®,,y and X'©,y" where X, y,X',y' € H .Then X =Yy and X" = y". Thus, x*X' = y*y’.
Hence, t € x*x’ ifand onlyif t € y * y'. Since t®,t, it follows that X * x’@H y *y". This implies that
®,, is a congruence relation. Let X,y € H such that x* y®,, {0} and y*x® , {0}. Then there exist
Sex*Yy and tey*X such that s®,0 and t®,0. Thus, s=0=t which means 0 e x*y and

Oe y#*X.Hence, X<y andy <X Thisimpliesthat X =Y andso x® Yy . Therefore, ®,, isaregular

congruence relation. Clearly, H x H isa regular congruence relation. ]

Definition 3.3 Let Con, (H) be the set of all regular congruence relationson H . Then Con, (H)
is partially ordered by inclusion, that is, for ®,,®, € Con, (H),
0,<0,=0,c0, assubsetsof Hx H
< X0,y = X0,y forx,y e H
Q[X]gl c [X]@2 for every x € H.

Moreover, Con, (H) hasa leastelement ®,, ={(X, X): X € H} and a greatest element H x H .

Lemma 3.4 Let H be a hyper BCK-algebra and let ®,,®, € Con,(H). Then [X]@1 < [Y]gl if
and only if [X]@2 < [Y]e)z :

Proof: Suppose [X]@1 < [y]@1 . ByLemma 3.1, X <<y which implies that [X]@2 < [y]@2 . The
proof of converse is similar. ]

Definition 3.5 For astrong hyper BCK-ideal | of H ,let Con,(H), ={® € Con,(H)|[0], = I}.

Proposition 3.6 Let H be a hyper BCK-algebra. Then
Cong(H) = U{ConR (H), |1 isastrong hyper BCK-ideal of H}

Proof: Let C = U{ConR(H), |1is a strong hyper BCK-ideal of H} and ® € Con.(H). By

Lemma 2.5, [0], = |, is a strong hyper BCK-ideal of H . Thus, @ Cong(H), - Hence, @ cC. Let
0

® e C . By Definition 3.5, ® e Con,(H) . .

Remark 3.7 Let H be a hyper BCK-algebra and ® be a regular congruence relation on H .
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@ 1fO={(x,x)|xeH}, then [0], ={0} and ® € Con,(H), .
(i) ®=HxH ifandonlyif [0], = H .

4 On Zero Divisor Graph of Quotient Hyper BCK-algebra

Let H bea hyper BCK-algebra, ® e Con, (H) and A < H/® . Wewill use the notation L, (A)
to denote the set

Lo (A):={[X], € H/O|[x], <a,Va e A}.
Definition 4.1 Let H be a hyper BCK-algebraand @ be a regular congruence relationon H . The
zero divisor graph I'(H/®) of H/® is the graph whose vertex set V (I'(H/@)) = H/® and the edge set

E(I"(H/0®)) satisfies the following condition: for every distinct [X],,[ Y], € H/®, [Xlo[Y]o € E(T'(H/©))
ifandonly if Lo ({[X]o:[Yle}) ={[0]c}

Lemma 4.2 Let H be a hyper BCK-algebra, ®,,0®, € Con,(H) such that ®, <®, and
[X]e, #[Yle, . 1t [Xle, [Y]o, € E(T(H/®,)), then [X]o,[Y]o, € E(T(H/O,)).

Proof: Suppose [Xle,[yle, € E(T(H/®)) . Then L,y ({[X1o,,[V]e,}) ={[0]s,}- Let
[Wlo, € Lo, {[Xlo, [Y]o,}) . Then [Wle, < [X]o, and [Wle, < [Y]o,. ByLemma3.4, [Wle < [X]e,
and [Wlo, <[Ylo. So, Wle, € Liye, {[X]o, :[¥]o, }) ={[0]s, }.Since ©, < ©,, [Wlo, =[0]o, =[Ol

Hence, [0]@2 = [W]@2 . Therefore, |—H/@2 ({[X]@2 ,[Y]ez}) :{[0]@2}and [X]gz[)’]@z eE(I'(H/O,))n

Theorem 4.3 Let H be a hyper BCK-algebraand @ is a regular congruence relationon H . Then
['(H/®) is an empty graph if and only if [0], = H .

Proof: Let I'(H/®) be an empty graph and [0], # H . Then [0], < H . Thus, H/@ has more
than one element. Since all the other element of H/@® is adjacent to [0]@, I'(H/®) isnotan empty graph, a

contradiction. Hence, [0], = H . Conversely, suppose [0], = H . Then H/® ={[0],}. Therefore,
I'(H/®) isan empty graph. ]

Lemma 4.4 Let H be a hyper BCK-algebra and let ® be a regular congruence relation. Then

[X]o *[Y]le =[x* Y], forall x,yeH.
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Proof: Let X,y,z € H.Then [X], *[Y]ly ={[z], e HO|z e x*y}={we[z], |WOz,z € x*y}
={we H |woOx*y}=[x*Yy],. ]

Lemma 4.5 Let H be a hyper BCK-algebra, Ac H and let ®,,0, € Con,(H) such that
©,<0,.If f :H/@, — H/O, isafunctiongiven by f([X]e ) =[X]o, then f([Xx*Yle ) =[x*Ylo,
forall x,yeH.

Proof: ByLemmad.4, T ([X*Yle )= f([Xlo, *[¥lo ) = f({lzle, [Z € x*y}) ={f([z]e )|
zexxy}={[z]e, [2ex*y}=[xX]o, *[V]o, =[x*¥lo,. m

Theorem 4.6 Let H be a hyper BCK-algebra and let ®,,0, € Con,(H) such that ®, <0, .
Then there exists a surjective homomorphism f : H/®, — H/®, given by f ([X]e)l) = [X]®2 .

Proof: Let [X]@l,[y]@1 € H/®, such that [X]@1 = [Y]el. Since ©,<0,, [X]@1 c [X]@2 and
[Y]@1 c [y]@2 .Thus, [Yle, <[X]e, and [X]@1 - [)’]@2 . Since [X]@1 c [X]@2 m[y]®2 , [X]@2 = [Y]@2 .
Hence, ([X]@l) = f ([Y]el) . Therefore, f iswell-defined. Let [X]gla[)’]gl € H/®, . By Lemmas 4.4 and
a5, 1([Xlo, *[¥1o)) = F([x*Yo) = [x* ylo, = [¥o, *[ylo, = F([¥o)* T ([¥]o,) . Thus, £ is

ahomomorphism. Let [X]@2 € H/®, Then [X]@1 € H/®, and f([X]el) = [X]@2 .Hence, f issurjective.m

Corollary 4.7 Let H be a hyper BCK-algebraandlet ®,, ={(X, X)| X € H}. Then there exists a

surjective homomorphism f : H/®,, — H/© forall ® e Con,(H) givenby f ([X]@H ) =[x .

Proof: Since ®,, is the least element of Con,(H), ®,, <®. By Theorem 4.6, there exists a

H

surjective homomorphism f : H/©,, — H/© for all ® € Con, (H) given by f ([X]@H )=[Xle. =

Consider a hyper BCK-algebra H and let ®,,0, € Con, (H) such that ®, < ®,. By Theorem
4.6, there is a surjective homomorphism f :H/@®, — H/@, given by f([X]@l) =[X]@2, Since
V(T(HIB,)) = HI®, and V (T(HIO,)) = HIO, there exists T :V (T(HIO,)) —V (T(H/O,)) given

by f([X]@l): f([X]@l). Also, by Corollary 4.7, there exists a surjective homomorphism
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f :H/®, — H/® forall © e Cong(H) givenby f([Xle ) =[X]e.since V(T(H/®,)) = H/O,,
and  V([(H/@)) =HI®, there exists f:V([(HI®,)) >V ([(H/®)) given by
F'([xlo,, ) = f([X]o,,)

Theorem 4.8 Let H be a hyper BCK-algebra and let ®,,®, e Con, (H) suchthat ®, <@, . If
[Xlo, and [Yle, are adjacent vertices on ['(H/@, ) , theneeither  ([X]o,) = F([¥lo,) or f([X]o,) and
([ylo,) are adjacent vertices on T(H/@,).

Proof: Let [X],, [y]o, € E(C(H/®,)) and suppose f ([Xlo,) % f([Y],). Then [X]o, =[lo,
By Lemma 4.2, [Xlo,[¥]o, € E(C(H/®,)). Therefore, f([X],) T ([¥lo,) € E(T(H/O,)) . Now,
suppose T ([xlo,) T ([ylo,) & E(C(HI®,)) . Then either T ([X]o,) = T([ylo,) or [2lo, € Lyuo,
{F([X1o,). F([¥1o,)3) where [2]o, #[0o, . suppose [Z]o, € Lo,y T ([Xlo,): T ([Y1o,)}) where
[z]e, #[0le, . Since [X]o, [V]o, € E(I(H/©,)) by Lemma 4.2, [X]o,[Y]o, € ET(H/®,)). Thisisa
contradiction. Therefore, f ([X]o,) = T ([yo,). u

Corollary 4.9 Let H be a hyper BCK-algebra, ®,, ={(x,x)|Xe H} and ® € Con,(H). If

[X]@H and [Y]@H are adjacent vertices on I'(H/®,,), then either ?([X]@H):?([Y]@H) or

?([X]@H ) and ?([Y]@H ) are adjacent vertices on I'(H/®) .

Theorem 4.10 Let H be a hyper BCK-algebra and let ®,,0, € Con,(H) suchthat ®, <0, .
Then there exists an injective graph homomorphism g:V(['(H/@,)) »V (I'(H/@,)) such that

?g = 1V(F(H,®2)). Furthermore, I"(H/®,) is isomorphic to a subgraph of I'(H/®,) .

Proof: Let [X]o, € HI®, with X, €[X]o,. Define g:V(I(H/©,)) >V ([(H/®,)) by
9([X]@2) = [Xo]@1 .We will showthat g is an injective function. Let [X]@zi[)’]@z eV(I'(H/©,)) with
X €[Xlo, and Yo €[¥lo, . Then 9([xJo, ) = [¥%Jo, and 9([¥1o,) = [Yoo, . suppose [¥lo, =[¥lo,

It X €[X]o, , then % €[Ylo, . Thus, 9([X]e,) =[Xole, = 9([¥le,). Hence, g is well-defined. Let
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[Xlo, [¥le, €V(I'(H/©,)) such that 9([X]e,) = 9([Y]e,). 1f X, €[X]o, and Yo €[Y]e,, then

[X]@2 = [Xo]@2 = [)’o]@2 = [Y]@2 .Hence, g isinjective. We will show that g isa graph homomorphism.
Let [X]ezv[Y]ezv[o]ez eV(['(H®,)) with X, E[X](az, Yo E[Y]@)Z and 06[0]62 such that
[XJo, [¥lo, € E(T(H/©,)) Then Lo, ({[Xlo, .[¥1o, 1) =100, }. Thus, [Wlo £ [X]o, and [W]o, #
[¥le, forall we H \{[0]e,}- Hence, [0]e, #[Wle, *[X]o, and [0]o, &[Wlo, *[V]e, . By Theorem
2.4, 0¢ wx and 0wy . This implies that [0o #[Wle *[X]e, and [0]@1 2 [W]@1 *[Y]gl. So,
[W]@ljé [X]®1 and [Wo, # [y]®1 forall we H \{[0]@1}- Since H/@, is a hyper BCK-algebra, by
Theorem 2.2 (al), [0]@1<< [X]®1 and [0]@1 < [Y]gl. Hence, LH,@1 ({[XO]GI,[yO]Ql}) ={[0]@1}. Thus,

[X0]®1[y0]®1 € E(I'(H/®,)) . Therefore, g is agraph homomorphism. Hence, I"(H/®, ) is isomorphicto
a subgraph of T'(H/@,) . Furthermore, f(g([X]®2 )= f([Xo]Gl) = [Xo]@2 = [X]@2 . Consequently,
fg = 1r(H/@2) ) n

Corollary 4.11 Let H be a hyper BCK-algebraandlet ®,, ={(x,X)| X € H}. Then there exists
an injective graph homomorphism g:V(I'(H/@)) —V (I'(H/®,,)) such that f§ =1, ey -
Furthermore, I"(H/®) is isomorphic to a subgraph of T'(H/®,,).

Acknowledgement

This research is funded by the Philippine Department of Science and Technology-Accelerated Science
and Technology Human Resource Development Program (DOST-ASTHRDP)

References

1 Anderson, D.F. and Lewis, E.F., A General Theory of Zero-divisor Graphs over a Commutative Ring,
International Electronic Journal of Algebra, 20, 111-135 (2016).

2. Beck, I., Coloring of Commutative Rings, Journal of Algebra, 116, 208-226 (1988).

3. Borzooei, R.A. and Harizavi, H., Regular Congruence Relations on Hyper BCK-algebras, Scientiae
Mathematicae Japonicae Online, 217-231 (2004).

4. Harary, F., Graph Theory, Addison-Wesley Publishing Company, Inc., USA, (1969).

5 Jun, Y.B. and Lee, K.J., Graphs Based on BCK/BCI-Algebras, International Journal of Mathematics and
Mathematical Sciences, 2011, 1-8 (2011).

6. Jun,Y.B., Xin, X.L., Roh, E.H. and Zahedi, M.M., Strong hyper BCK-ideals of hyper BCK-algebras, Math.
Japon., 51, 493-498 (2000).

7. Jun,Y.B., Zahedi, M.M., Xin, X.L. and Borzooei, R.A. On hyper BCK-algebras, Italian Journal of Pure and
Applied Mathematics, 8, 127-136 (2000).

8 Zahiri, O. and Borzooie, R.A., Graph of BCI-Algebras, International Journal of Mathematics and Mathematical

Sciences, 2012, 1-16 (2012).



