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Abstract

Hyperstructure theory has many applications to several areas of pure and applied sciences. This
paper investigates some properties of hyper B -algebras which is a generalization of B -algebras. This paper
also introduces the notion of hyper B -ideals, weak hyper B -ideals and strong hyper B -ideals in hyper B -
algebras and gives some relations among these hyper B -ideals. Relations between hyper B -ideals and
subhyper B -algebras of H  is also discussed. Moreover, homomorphism on hyper B -algebra is defined and
some related properties are given. Finally, proof of the relationship between the hyper B -algebras and
hypergroups is provided.
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1  Introduction

B -algebras were introduced by J. Neggers and H. S. Kim4 in 2002. It is a class of algebra which
coincides in some sense to the class groups. Several papers were then published on the theory of B -algebras
which are parallel to the theory of groups.

Marty’s introduction of hypergroups at the 8th Congress of Scandinavian Mathematicians in 1934
paved the way for the development of hyperstructure theory (also called multivalued algebras). Since then, a
great deal of literature has been published on its applications to several factors both in applied and pure
sciences. Endam et al applied the concept of hyperstructure to B -algebras and proved that hyper B -algebra
is a natural extension of B -algebra and presented some basic properties.
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2  Preliminaries :
Let H  be a non-empty set endowed with a hyperoperation  that is,  is a function from

HH   to )(HP , where )(* HP  is the set of all nonempty subsets of H . For two nonempty subsets A

and B  of H , A B=   We shall use x  y  instead of x  {y}, {x}  y, or {x}  {y}.

When A  is a nonempty subset of H and Hx , we agree to write A x   instead of A }{x . Similarly, we, we

write x A  for x}{ A . In effect, A x  =  and x A =  x a.

The following definitions of hyper B -algebra, semi-subhyper B -algebra and subhyper B -algebra
were introduced by Endam et al. Also, some examples were from Endam et al.

Definition 2.1 : A hyper B-algebra is a set H  with constant 0  and endowed with hyperoperation

  satisfying the following axioms: for all Hzyx ,, , (H1) x << x ; (H2) xHHHx ## == ; and

(H3) ))(0(=)( yzxzyx #####  where x<< y  if and only if yx#0 , and for every HBA , , A << B
if and only if for all Aa , there exists Bb  such that a << b.

A hyper B-algebra H  with constant 0  and hyperoperation  is denoted by (H; , 0).
Example 2.2 :  (i)  Let ,0);( H  be a B -algebra and define a hyperoperation  on H  by

}{= yxyx # . Then (H; , 0) is a hyper B -algebra. We can see that (Z, , 0), (Q, , 0), (R, , 0)

and (C, , 0), are hyper B-algebras where x}  y }{= yx  .

    (ii) Let },,{0,= cbaH  be a set with hyperoperation defined by the following Cayley table:

Then  (H, , 0)  is a hyper B -algebra.

    (iii) Let },,,{0,= dcbaH  be a set with hyperoperation defined by the following Cayley table:

Then ,0);( #H  is a hyper B -algebra.

    (iv) Let {0,1,2,3}=H  be a set with hyperoperation defined by the following Cayley table:
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Then ,0);( #H  is a hyper B -algebra.

   (v) Let },{0,= baH  be a set with hyperoperation defined by the following Cayley table:

Then ;(H , ,0)  is a hyper B -algebra.

Definition 2.3: A nonempty subset K  of a hyper B-algebra H  is called a semi-subhyper B-algebra
if  x y K  for all Kyx , . A semi-subhyper B-algebra K  of a hyper B-algebra H  is called subhyper B-

algebra if  x K KxK == #  for all Kx .

3  Hyper B -Ideals of hyper B -algebras :
The following result follows from Definition 2.1
Proposition 3.1: Let H  be a hyper B -algebra. Then for every nonempty subsets BA,  and C  of

H   (i) A << A ; (ii) )](0[=)( BCACBA ##### ; and  BA  implies A << B.

Definition 3.2: Let I  be a subset of a hyper B -algebra H  such that I0 .

(i)    I  is a hyper B -ideal of H  if for all Hyx , ,  x y << I and Iy  imply that Ix .

(ii)  I  is a weak hyper B -ideal of H  if for all Hyx , ,  x y I  and Iy  imply that Ix .

(iii)  I  is a strong hyper B -ideal of H  if for all Hyx , ,  x y  I  and Iy  imply that

       Ix .

Example 3.3  (i) In Example 2.2 (iv), {0,1}, {0,3} and {0,2} are hyper B -ideals of H  while in

Example 2.2 (iii), {0} is not a hyper B -ideal of H  since  a {0}={0} << {0} but 0a .

(ii)  In Example 2.2 (iii), }{0,},{0,{0}, ba  are strong hyper B -ideals of H  while }{0, c  is not since

     (d 0)  }{0,},{=}{0, cdcc  but }{0,cd  .

(iii)  In Example 2.2 (ii), },{0, ca  and },{ cb  are weak hyper B -ideals of H  while  },{0, cb  is  not

        since  a 0 },{0,{0}= cb  but },{0, cba .

Proposition 3.4 : Let H  be a hyper B -algebra. Then
(i)  every hyper B -ideal of H  is a weak hyper B -ideal of H , and



(ii)  every strong hyper B -ideal of H  is a hyper B -ideal of H .

Proof:
(i) Let I  be a hyper B -ideal of H . Suppose that Hyx ,  such that  x y I  and Iy . By

Proposition 3.1 (iii),  x y<< I.  Since I  is a hyper B -ideal, it follows that Ix . Thus, I  is a weak

hyper B -ideal.
(ii) Let I  be a strong hyper B -ideal of H . Suppose that Iyx ,  such  that  x y << I and Iy .

Then for each a  x  y there  exists  Ib  such that  a << b, that  is, 0  a b.  Since I0 ,

(a b)  I . Thus, Ia  which means that x y I . Hence, (x y)  I  and so we

have Ix . Therefore, I  is a hyper B -ideal of H . 

The converse of Proposition 3.4 (i) may not be true. In fact, the weak hyper B -ideal },{0, ca  in

Example 2.2 (ii) is not a hyper B -ideal since  b a },{0,= ba  << },{0,}{ caa   but },{0, cab .  Also,Also,

the converse of Proposition 3.4 (ii) may not be true. Consider hyper B -ideal {0,1} in Example 2.2 (iv) of H

but is not a strong hyper B -ideal since (2 1)  {0,1}{1,3}={0,1}  but {0,1}2 .

Remark 3.5 : {0} may not be a (strong or weak) hyper B -ideal.

Consider the hyper B -algebra in Example 2.2 (ii), observe that {0} is not a hyper B -ideal since

a 0 {0}=  << {0} but 0a . It is also not a weak hyper B -ideal since a 0 {0}=   but 0a . Moreover,,

it is not a strong hyper B -ideal since (a 0)  {0}{0}={0}  but 0a . Take notice that a << 0.

Definition 3.6: Let H  be a hyper B -algebra. We say that H  satisfies (H4) if  x << 0 implies 0=x
for any Hx .

Definition 3.7: If a hyper B -algebra H  satisfies (H4), then {0} is a strong  hyper B -ideal.

Moreover, it is a hyper B -ideal and a weak hyper B -ideal.
Proof:   Let Hx  and suppose that {0}y  and (x y) {0} . Then 0=y  and

(x 0) {0} . So, 0 x 0, that is, x << 0. By assumption, 0=x  and so {0}x . Thus, {0} is a strong

hyper B -ideal.  By Propositions 3.4 (i) and (ii), {0} is also a hyper B -ideal and a weak hyper B -ideal of H .

Observe Example 2.2 (iv), {0,1,5}  is a hyper B -ideal but not a subhyper B -algebra since

1 {0,1,5}{0,1,2}={0,1,5}   while in Example 2.2 (ii), },{0, ca  is a subhyper B -algebra but not a hyper

B -ideal since b c },{= cb  << },{0, ca   but },{0, cab .

Remark 3.8 : In general, a subhyper B -algebra may not be a hyper B -ideal and a hyper B -ideal may
not be a subhyper B -algebra of a hyper B -algebra H .

Definition 3.9: Let H  be a hyper B -algebra and S  be a subhyper B -algebra.
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(i) S  is a weak hyper B -ideal if and only if for all SHx \  and Sy , 

(ii) S  is a hyper B -ideal if and only if for all SHx \  and Sy , S .

(iii)  S  is a strong hyper B -ideal if and only if for all SHx \  and Sy ,  (x y)  =S .

 Proof:    Let S  be a weak hyper B -ideal, SHx \  and Sy . Suppose that x y S . Since

Sy  and S  is a weak hyper B -ideal, Sx , which is a contradiction to the assumption. Thus, 

Conversely, let Hyx ,  such that  x y S  and Sy . If Sx , then by assumption, we have ,

a contradiction. Thus, Sx  and so S  is a weak hyper B -ideal. This proves (i). By similar argument, (ii) and
(iii) follow.  

From the definition of the hyperorder <<, we get the following result.
Lemma 3.10 : Let BA,  and C  be nonempty subsets of a hyper B -algebra H . Then  A<<B and

CB   imply A<<C.

Theorem 3.11: Let :{ iAi } be a nonempty collection of subsets of a hyper B -algebra H  such

that iA0  for all i . If iA  is a (weak/ strong) hyper B -ideal of H  for all Ii , then so is .

Proof:   Let :{ iAi } be a nonempty collection of subsets of H . Suppose that iA  is a hyper

B -ideal of H  for all i . Since iA0  for all i , 0  and so  . Suppose that

Hyx ,  such that x y <<  and y . Since iA  for all Ii , it follows by Lemma

3.10  that x y << iA  for all Ii . Also, iAy  for all i . Hence, iA  hyper B -ideals for all Ii  imply

iAx  for all i . Therefore, x  and so  is a hyper B -ideal of H . The proof is similar for

weak and strong hyper B -ideals.             

4  Homomorphism in Hyper B -algebras :

Definition 4.1 : Let ),0;( GGG # , ),0;( HHH #  be hyper B -algebras and HGf :  be a

function. f  is a homomorphism if Gba  , , )()()( bfafbaf HG ##  . f  is a good homomorphism

if Gba  , , )()(=)( bfafbaf HG ## ; f  is a hyper B -homomorphism if f  is a good homomorphism

and HGf 0=)(0 .

Definition 4.2 :  Let G  and H  be hyper B -algebras, HGf :  be a homomorphism and let I  be

a nonempty subset of H . The set }0=)(:{=ker HxfGxf   is called the kernel of f. The set

}:)({=)( AaafAf   is called the image of A under f . If GA = ,  then the set is called the image of  f.
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The set })(:{=)(1 IxfGxIf   is called the inverse image of I under f .

Example 4.3 : Consider the hyper B -algebra },{0,= baH  in Example 2(v). Define HHf :
by af =(0) , baf =)(  and 0=)(bf . Then by routine calculations, f  is a good homomorphism.`

Definition 4.4 :  Let H  be a hyper B -algebra. We say that H  satisfies (H5) if {0}=00# .

Consider the good homomorphism defined in Example 4.3 Note that 0=(0) af .

Lemma 4.5 : Let HGf :  be a good homomorphism, where G  satisfies  (H5). Then HGf 0=)(0 .

Proof:   By (H1) in H and (H5) in G , )(0=)0(0=)(0)(00 GGGGGHGH ffff ## . Thus,

)(0=0 GH f .             

Remark 4.6: If HGf :  be a good homomorphism of hyper B -algebras G  and H  such that G
satisfies (H5), then f  is a hyper B -homomorphism.

Consider the good homomorphism defined in Example 4.3.  0<< a in H  but =(0) af )(= afb .

Lemma 4.5 : Let HGf :  be a hyper B -homomophism. Then

    (i)   x << y implies )(xf =<< )(yf  and

    (ii)  A << B  implies )(Af  << )(Bf .

 Proof:
(i) Let Hyx ,  such that x<<y.  Then yx#0  and so )()(=)((0) yfxfyxff ## . By

definition, )()((0)=0 yfxff # . Thus, )(xf =<< )( yf .

    (ii) Let HBA ,  such that A << B and )(Afc . Then there exists Aa  such that )(= afc .

Since  A << B, there exists Bb  such that  a << b.  By (i), )(= afc  << )()( Bfbf  ,  that is,

there exists )()( Bfbf   such that c<< )(bf .  Hence, )(Af << )(Bf .             

Theorem 4.8: Let HGf :  be a good homomorphism.

(i) If I  is a weak hyper B -ideal of H , then )(1 If   is a weak hyper B -ideal of G .

(ii) If I  is a strong hyper B -ideal of H , then )(1 If   is a strong hyper B -ideal of G .

Proof:

(i) Let Hba ,  such that )(1 Ifba #  and )(1 Ifb  . Then bafbfaf )(=)()( ##

IIff  ))(( 1  and Ibf )( . Since I  is a weak hyper B -ideal of G , it follows that Iaf )(

and so )(1 Ifa  . Thus, )(1 If   is a weak hyper B -ideal of G .

(ii) Let Hba ,  such that   )()( 1 Ifba#  and )(1 Ifb  . Since   )()( 1 Ifba# , we
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have IbfafIbafIffbafIfbaf   )()(=)())(()())()(( 11 #### .

This means that  Ibfaf )()( # . Since )(1 Ifb  , Ibf )( . Consequently, , )(1 Ifa 

since I  is a strong hyper B -ideal. Hence, )(1 If   is a strong hyper B -ideal of G .           

Theorem 4.9 :  Let HGf :  be a hyper B -homomorphism of hyper B -algebras G  and H . If

H  satisfies  (H4), then fker  is a strong hyper B -ideal of G . Consequently, , fker  is also a hyper

B -ideal and a weak hyper B -ideal of G .

Proof:   Since HGf 0=)(0 ,  it  follows that fG ker0  .  Let Gyx ,  be such that

(x  fyG ker)  and fy ker . Then Hyf 0=)( . Now,,

}.{0)(=)ker()()ker)(( HGGG yxfffyxffyxf  ###

Thus HHHGH xfyfxfyxf 0)(=)()(=)(0 ### , that is, xf )( << HH 0= .  By (H4), Hxf 0=)(  and

so fx ker . Hence, fker  is a strong hyper B -ideal of G . By Propositions 3.4 (i) and (ii), fker  is also

a hyper B -ideal and a weak hyper B -ideal of G , respectively..            

Theorem 4.10:  Let HGf :  be a hyper B -homomorphism of hyper B -algebras G  and H .

(i) If I  is a weak hyper B -ideal of H , then )(1 If   is a weak hyper B -ideal of G .

(ii) If I  is a hyper B -ideal of H , then )(1 If   is a hyper B -ideal of G .

(iii) If I  is a strong hyper B -ideal of H , then )(1 If   is a strong hyper B -ideal of G .

Proof:    Let HGf :  be a hyper B -homomorphism of hyper B -algebras G  and H . We only

prove (ii). Since IH 0  and HGf 0=)(0 , it follows that )(0 1 IfG
 . Let Gba ,  such that a G b

<< )(1 If   and )(1 Ifb  . Suppose that fx (a G b). Then there exists c a G b such that

)(= cfx . Since a G b<<G )(1 If  , there exists )(1 Ifd   such that c<< dG , that is, G 0  c G d .

Thus, )(=)()(=)()(0=0 dfxdfcfdcff HHGGH ### ,  that is,  x<< )(dfH .  Since

)(1 Ifd  , Idf )( . Hence, bafbfaf GH ## )(=)()( <<H I. Since I  is a hyper B -ideal and

Ibf )( , we have Iaf )(  and so )(1 Ifa  . Therefore, )(1 If   is a hyper B -ideal of G . The proof
is similar for (i) and (ii). 

Theorem 4.11: Let HGf :  be a hyper B -homomorphism. If f  is onto and I  is a strong hyper

B -ideal of G  which contains fker , then )(If  is a strong hyper B -ideal of H .

Proof:   Let I  be a strong hyper B -ideal of H . Since IfG ker0 , )(0 IfH  . Let Hyx ,

such that  )()( Ifyx H#  and )(Ify . This means that )(= bfy  for some Ib . Since f  is onto,

Hyper B -Ideals in Hyper B -Algebra. 345



)(= afx  for some Ha . Thus, )()(=)())()((=)()( IfbafIfbfafIfyx GHH  ###  .

This implies that there exists Hz  such that )( bafz G#  and )(Ifz . Thus, there are bar G#

and Is  such that )(= rfz  and )(= sfz . By (H1) in H , )(=)()(=0 srfsfrfzz GHHH ### .

Thus, sr G#  contains an element, say w , such that Hwf 0=)( . Hence, Ifw  ker  and thus,

 Isr G )( # .  Since I  is a strong hyper B -ideal and Is ,  it follows that Ir . Note that bar G# .

This means that  Iba G )( # . Again, since I  is a strong hyper B -ideal and Ib , we have Ia .

Therefore, )()(= Ifafx   and so )(If  is a strong hyper B -ideal of H .             

5  Hyper B -algebras and hypergroups :
This section presents some relationships between hyper B -algebras and hypergroups.
A hypergroup is a nonempty set H  with a hyperoperation " . " satisfying the following axioms: for all

Hzyx ,, , (I) xHHHx  ==  and (II) )(=)( zyxzyx  . If xyyx  =  for any Hyx , , then

H  is called a commutative hypergroup.
Lemma 5.1: If a hyper B -algebra H  satisfies the condition 0 }{= xx  for any Hx , then

0 AA =  for any nonempty subset A  of H .

Proof:   Let A  be a nonempty subset of H  and Aa . Then {a} 0=  a 0 A  which implies

that A 0 A . Also, 0 a = {a} A . Thus, Thus, 0 AA  and so equality of the two sets follows.           

Theorem 5.2: If a hyper B -algebra H  satisfies the condition 0 }{= xx , then H  is a hypergroup.

Proof:   Let Hxyx ,, . By (H2), x HHH ==  x.  We only need to show that  is associative.
By (H3) and Lemma 5.1,

)](0[=)( yzxzyx #####
     ][= yzx ##
     ])[(0= yzx ###
     ))](0([0= zyx ####
     )]([0= zyx ###
     ).(= zyx ##

 Thus, (H, ,0) is a hypergroup. 

Definition 5.3: A hyper B -algebra H  is said to be commutative if  x (0 y)=y (0 x)  for any

Hyx , .

From the definition of commutativity of hyper B -algebra, if 0 }{= xx  for any Hx , then

x y=x (0 y) = y (0 x) = y x.
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Remark 5.4: Every commutative hyper B -algebra which satisfies the condition 0 x }{= x  for any

Hx  is a commutative hypergroup.

6  Conclusion

In this paper, the concept of  hyper B -ideals, weak hyper B -ideals and strong hyper B -ideals in
hyper B -algebras are introduced and relations among these hyper B -ideals are established. Moreover,,
homomorphism and hyper B -homomorphism are defined and some related properties are given. In the future,
we hope to give more characterizations of hyper B -algebras and also, provide an example of hyper B -algebras
and its applications in other disciplines.
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