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Abstract

The purpose of this paper is to derive certain interesting properties involving coefficient inequalities,
distortion bounds, extreme points, convex combination and radii of convexity for a new class of generalized
Salagean-Type harmonic univalent functions in the open unit disc. Relevant connections of our results with
various known results are briefly indicated.
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1 Introduction

A continuous complex valued function f (z) = u(X, y) +iv(X, y),z = X +1iy defined in asimply

connected domain D — C issaid tobe harmonicin D ifboth U and Vv arereal-valued harmonic functions in

D . Inasimply connected domain, we can write f(z) =h(z)+ 9(z), where h and 9 areanalyticin D.
We call h the analytic part and J the co-analytic part of f . An analytic univalent function is a sense
preserving (or orientation preserving) map if it preserves angles between curves. Clunie and Sheil- Small?

observed that a necessary and sufficient condition for f to be locally univalent and sense preservingin D is
that

|h'(z) > 9'(z) |inD.
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Let SH denote the family of functions f = h +§ that are harmonic univalent and sense preserving
in the open unit disc U ={z:| z|<1} with

h(z) = 2+ Y82, 9(2) = S o <1.
k=2 k=1

For g = 0, the harmonic function f = h +§ reduces to analytic function h .
Jahangiri et al.> and Dixit and Porwal® have studied Salagean-type harmonic univalent functions. A

(1.1)

generalized Salagean operator was considered by Al-Oboudi! in following way.

D°f(z) = f(2)
Df(z)=(1-A)f(z)+Azf'(z)=D, f(2),A>0

D"f(z) = D,(D"*f(z)).
It we put 2 =1, we have Salagean operator’.

Thus,for f =h +§ given by (1.1), we define the modified generalized Salagean operator of f as
(1.2)

D™ f(2) = D"h(z2) + (~1)"D"g(z), (me N, =N U{0})
where  D™h(z) = z+ S [1+(k -1)2]"a,2",

D"g(z) = z+ Y [1+ (k-1)A]"b, z".
k=1
Now, for 0<ar <1,0<u<1,meN,neN,,m>n and zcU , we define and investigate in

this paper a family Slﬁ (m,n; ;) of harmonic univalent functions f = h +§ where h, g are given by

(1.1)and
{ D" f (2) }
(1.3)

| D" f (1) + (1- w)D" T (2)

Where D™ f is denoted by (1.2).
Further, let the subclass §,ﬁ (m,n;a; ) consist of harmonic univalent functions fm =h +§m in

S/ (m,n;a; i) sothat h and g, are of the form

hz)=z->az, 9,(2)=-1">bz a,.b >0 (1.4)
k=2 k=1
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If weput A =1, then it reduces to the class S,, (m,n;a;m) studied by Dixit and Porwal® which is

ageneralization and an improvement of paperst#>689.10,
In the present paper, we obtain many results including coefficient estimates, extreme points, distortion

theorems, convex combination and radii of convexity for the classes Slﬁ (m,n;a; 1) and §,’: (m,n;a; u) of

harmonic univalent functions.

2 Main Results

In this section, first we will prove a sufficient condition for functionsin Slﬁ (m,n;a; u) .

Theorem2.1Let f = h +§ be given by (1.1).
Further more

Zu (k-1) }(1—a/,11)_—aoz(1 )+ (k-1)2 | |

(k=12 - op) - (-1)" "0 p)iL+ (k1A
l1-«a

Where &, =1,me N,ne N,,m>n,0<a<1,0< u<1121, then f is sense preserving

|b |<2. (2.1)

harmonic univalentin U and f e S} (m,n;a; ).
Proof. If Z, # Z, then

@) -f@)],, [9@)-9@z)
h) )| IhE) ()|

1- Zk|ak|

-t (k-0 a) (0 el
21— +(k-1)2 l(la )—a(1—p) k
1— kZ:; - a/J H
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k=1 l1-a

{i A+ Ak -1)} {(1+/1(k—1))(1—aﬂ)‘(_1)mna(l_u)}|bk@
>1-

= L+ Ak =DM A+ Ak -1 -au)—ald—u)}
= l-«a

M

=

{i A+ Ak =1 1 au) - (D)™ " al- g )+ Ak —1))" |b @
>1-

k=1 1 [04

(Lt Ak D - ap)-all- plte Ak -1
l-a k

M

k=1

{i A+ 2(k 1) (- o) - (1 D" " al- )+ Ak -1))" M@
>1-

= 1+Ak " (L—apu)-ald— 1+ Ak =1)1"
Z } ( ﬂl)—a( M){ ( )} |ak|
k=2
Sincem >n,
>0 [Using(2.1)],
Which proves the univalance.
Also, we have
W(@)|>1- Y Ka 4 >1- ks,
k=2 k=2
13 AU o)l b0
k=2 -
2i{lm(k D" (- ap)- (1—1) Tal- p)+ Ak -1))" |b|
k=1 -

> ik|bk ||z|k71 >|g9'(z}.  HencefissensepreservinginU.
Using the fact Re (W) >« iff |[1—a + W|[>|1+a —W|, it suffices to show that
(@ a)}uD™ £ (2) + (1~ ©)D" (2){+ D" £ (2)

|+ a){uD™ f (2)+ (1 w)D"f (2)}- D" f (z)] > 0.
Substituting for D™ (z) and D" f (z) in L.H.S. of (2.2) we have

381
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|2-a)z+ i[(l—a){u(1+ Ak =)™+ (1- )1+ Ak -1))"}+(1+ A(k —1))"]a 2"

+ (—1)”2[(—1)m”(1—a)u{1+ AK=-DF" +(1-o)(1- p){1+ A(k-1)}"
+(=1)"" A+ Ak =1)"Ixb, 27|

—|az+ i[(1+ a)p{l+ Ak -1} +(1- {1+ Ak -1} ]-{1+ A1(k-1)}"]a z"

k=2

+(-1)" i[(—l)m’n A+a)p{l+ Ak -1}" + (1+a)(1- p{1+ Ak -1)}" - (=)™

k=1

{1+ A(k-1)}"1o 27" |

>2(1-a)|z| —iZ[{1+ Ak =1)}" (1~ op) —ar(1- {1+ A(k -1)}"Ixa, | [

- i(—l) Ao p {1+ Ak -1 +{1+ A(k-1)}"]
+(1-a)@-u{1+ 2k -1} b ] z[

- i(—l)m’”[(1+ a)p{l+ Ak -1} —{1+ A(k -1)}"]+ (1+a)(1- p)

k=1

x{1+A(k=1)"}I b}z [

=2(1-a)|z] —Zi[{1+ Ak =1)}"(1-op) - a(1- {1+ Ak -1)}"x|a || 2[]

k=2

- 2i[{1+ Ak =1)}"(1-op) + e (1- {1+ A(k 1)} &b || z[*

k=2

[If(m—n) is odd]

=2(1-a)|z I—Zi[{1+ A =1)}"(1-op) —ar(1- {1+ A(k-1)}"Ix| a || z[*

- 2i[{1+ Ak =1)}"(1-op) — (- {1+ A(k-1)}" &b, || z|"

[If(m—n)is even]
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= 2(1—0[) | 7 |[1_i{1+ i(k _1)}m (1—0{/1) —a(]_—‘u){1+ i(k _1)}n | . ” : |k71 |
= 1-a)
_i{“ MR- (=) = ()" @ p{Le AK=DY | ey
(1-a)
2 2(1—0{)[1—i{1+i(k _1)}m (1_05/1) —O{(l—‘u){l+ Ak _1)}n | a, |
B k=2 (1_a) .
_i.{lJr Ak-D}" (1-au) _((:L__llm)na(l_u){bri(k _)y b

The last expression in non-negative by (2.1) and so that proof of Theorem (2.1) is established.
The harmonic univalent functions

)=+ i i-a) X, 2"

A+ Ak -1)"(1-op)-a(— )+ Alk-1))"
: 1-a)

+ z*
2 (- ) (1) el ) Ak D) " (2:3)
where me N, neNg,m>nand Y [X [+, _ |y, =1
shows that coefficient bound given by (2.1) is sharp. U

Following theorem shows that the assertion (2.1) is also necessary for functions of the type

f =h+g,,Where h and g,, areof the form (L.4),

Theorem2.2 Let f_=h +§m be givenby (1.4). Then f e §ﬁ (m,n;a; ) ifand only if
Y fi Ak -0} (- au)- alt- )+ k-1,
k=1
+ [{1+ Ak -D)"1—au)- ()" "al-p)d+ Ak -1)}"b, <2(1-c) (2.4)

Proof. Since §,’: (m,n;a; 1) slﬁ (m,n;o; ), we only need to prove the “only if” part of the
theorem. For functions of the form (1.4), we see that the assertion
D" f,(2)

Re{ﬂDm f (z)+(-p)D" fm(z)}

> isequivalentto
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(1-a)e- 3L AKC-DY (- o) -l )L Ak DY T 2" |
+ DY L+ AK-DY (L) - ()"
a(l- L+ A=)y b,z
2= Y {1+ Ak -D) + (L {L+ Ak -D¥ Ta, 2"

Re

>0 (2.5)

+ (—1)2m'1i[u{1+ ﬂ,(k —]_)}m + (_1)m—n
(L- {1+ A -1} T, 2"

This required assertion (2.5) must hold for all values of z in U . Upon choosing the values of z on

the positive real axis where 0 < |Z| =r <1, wemusthave

) S A )l D R

~ 2l AU o)- <1>m*“a<1—u>{1+x<k-1)}“}»krkfl
D > 0. (2.6)

If the condition (2.4) does not hold, then numerator in (2.6) is negative for r sufficiently closeto 1.

Hence, there exists z, = I in (0,1) for which the quotient in (2.6) is negative. This contradicts the required

condition for f_ e §ﬁ (m, n; «; 1) and so the proof is complete. U
Next, we determine the extreme points of closed convex hull of §,’: (m,n;a; u) denoted by clco

—A

Su(m,n;a; i) -

Theorem2.3Let f begivenby(1.4). Then f e §ﬁ (m,n;o; ), iff
fu(2) = 2 XN (2)+ Y, 9, (2)}, whereh, (2) = 2
k=1

h(z)=z- i-a) 2*(k =2,3,4,...)

L+ Ak =) (- ap)-a@- p)+ Ak -1)"
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(1—05)2’k
Ak =1))" @)~ (-1 " o1~ g+ 2(k - 1)

X, >20,y, 20, zrzl(xk +Y,) =1.In particular, the extreme points of §,’: (m,n;e; ) are{h.}

O (2) =2+ (=)™ " — (k=1,2,34,.)

and {g mk}'
Proof. The proof of Theorem 2.3 is much akin to that of Theorem 2.3 of 3, and therefore we omit the
details involved. U

Now we determine the distortion bounds for functions in §,’: (m,n;a; ) which yield a covering

result for this class.

Theorem 2.4 Let f e §ﬁ (m,n;a; i) - Thenfor [ Z|=r <1, wehave

N<labhs Lt n (L-a) o) (U)""all-p) e S eq an
KA vy {(m)m“(l_au)_z(l_u) (1+i)m"(1—ay)—a(1—y)bl} Jzlr<t and
z)>@Q+b)r - 1 (1-a) _ (1_aﬂ)_(_1)m_na(1_ﬂ) 2, 1=r <
falz)>(+b) (1+l)r[(1+l)m”(1—a,u)—a(1—,u) (1+l)m'”(1—au)—a(l—u)bl}r 2 r<t

Proof. The details involved are simply routine work and may be omitted. U

This result enables us to find covering results from the left hand inequality in Theorem 2.4.

Theorem2.5 If f e §ﬁ (m,n;a; u) , then

{W: I < L+4)" -1-al@+A)" u+@+2)" (A u)-1]
L+ L-au)-a@-u)1+A)
04 A) -1-af0 A) ot @ 2) @ p) = 2 (L) A )] |
(1+ l)m(l—a‘u)_a(l_‘uxl_i_ l)n b1} f(U)

Remark 1. The covering results in the above theorem coincides with that obtained in®for J =1.

We can show that §,’: (m,n;a; w) is closed under convex combination by adopting standard
techniques.

Theorem 2.6. The class §,’: (m,n;a; u) is closed under convex combination.

Theorem2.7. If f e §ﬁ (m,n;o; ) . then fisconvexin the disc

| Z |< min

Lafih) }kli k=234
k{k[(l_a)_{(1—0‘H)—(—1)m_”a(1—u)}bl (k=234....)
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Proof. Let f e S5 (m,n;o; 1) andlet r(0<r <1) fixed. Then rf (rz) e Sk (m,n;ex; 1)
and we have

0

>k*(a, +b)r?

k=2

k(a, +by Jkr*?)

e

=~
1

2

g{ i Ak -2)" 0—ap)-al-pfi+ Ak -2)f"

(1-a) k

IN

(1-a)

NV Qo))"= p) | er g
o e,

1-b,

() - (D (=g,
l-a

e ) el A

provided kr** <

which is true if

I < min (L-a)i-b) _
=m {k[(l_a)_{(l_aﬂ)—(—l)mna(l—/,l)}bl} (k=2,34,..) .

For our next theorem we need to define the convolution of two harmonic functions. For harmonic
functions of the form

f.(2)=2-Saz +(-1)" Shz*
k=2 k=1

and F (2)=z-) Az"+(-1)"* > Bz
k=2 k=1
we define the convolution of two harmonic functions f_ and F_ as
(f.*F)(@) = f,@)*F(D) =2- > a Az +(-1)" "X b Bz ™.
k=2 k=1

By using this definition, we show that the class §,’: (m,n;a; u) is closed under convolution.
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Theorem 2.8. For 0< B <a <1, let f_ e§ﬁ (m,n;o; ) and F_ e§ﬁ (m,n; B; 1) - Then

f.*F, e§ﬁ(m,n;a;u)g§f—.(m,n;ﬁ;u)-

Proof. Argument is similar to that of Theorem 2.6 of 3, and therefore details involved may be omitted.
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