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Abstract

This paper analyzes a simple symmetric random walk with finite steps in d-dimensional integer lattice,
74 and introduces one of its applications. It focuses on the total number of ways in which the walk can be
accomplished. The number of ways of accomplishment is used to find the probabilities associated with all
possible outcomes as a generalization of the probability associated with return to origin. In addition, the paper
discusses on the total number of possible outcomes. (Since the walk is executed in Z%, all the outcomes are
integer points.) It provides an insight into the distribution of the integer lattice, Z<.

Keywords : allowed outcomes, fundamental integer lattice, initial condition, probability distribution

function, and simple symmetric random walk.
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1. Introduction

The theory of random walk studies stochastic processes formed by the successive summation of
independent and identically distributed random variables’. A simple random walk is a walk that is characterized
by a fixed size of each random variable, step. Moreover, the direction is random*2. If the walk is equally
probable in all possible direction, it is symmetric®. The purpose of this paper is to study a simple symmetric
random walk with a finite number of steps, each of unit size, in d-dimensional integer lattice, Z¢. Here, the
integer lattice, Z¢, refers to a set of integer points

x = (xl,xz, ,xd), xt = integerfor i = 1,2, ..,d,
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in d-dimensional space, 74 *.

The study of simple symmetric random walk in d-dimensional integer lattice, Z¢, deals with ideas like
return to the origin, Bernoulli walk, range of random walk, recurrence, transience etc. % In this paper, our
focus is on possible outcomes of the walk and future outcomes of the simple symmetric random walk with a

finite number of steps. Further, we discuss on the probabilities associated with each of them. This generalizes
the probability distribution function of the walk from return to the origin to the occurrence of every outcome. It

is noticed that the probability distribution function in 1-dimensional integer lattice, Z, reduces to Bernoulli
distribution. Finally author uses the concepts of length, concepts of equations of circles, spheres, and the like

in taxicab geometry’? to describe the distribution of integer points in -dimensional integer lattice, Z<.

2. Definitions and Notations :

Before getting into the details of the main propositions, some definitions need to be addressed.

In this paper, much of our discussion will revolve around the simple symmetric random walk. Therefore,
throughout when a walk is referred, it means mean a simple symmetric random walk unless otherwise noted.
Moreover, the size of a step is considered to be one unit.

Definition 2.1. The number of steps assigned for a walk is called initial condition. |n| represents the
initial condition. If m is negative, how a walk was accomplished is predicted. In contrast, if is positive, howa
walk will be accomplished is predicted. For convenience, it is assumed that the walk starts at the origin when the
future is predicted and that it terminates at the origin when the past is predicted.

Definition 2.2. When the initial condition of a walk that is accomplished is known, the integer points
where the walk started can be predicted. These outcomes are called allowed past outcomes. Similarly, when the
initial condition of walk that is to be accomplished is known, the possible integer points where the walk will
terminate can be predicted. These integer points are called allowed future outcomes.

Spa) = (xt, %%, ..., x%) represents an allowed outcome of a walk with an initial condition, |n| in Z¢.
The superscript of x!, (i = 1,2, ...,d) represents that X! steps are mandatorily required (from the origin) to be
executed in an i direction (for the occurrence of discussed outcome). Moreover, [{Sn1}] , represents the
number of allowed outcomes of the walk.

P(Sp, = (xt,x2,...,x%)) represents the probability of occurrence of the outcome,

Spnp = (¢t x2, ..., x?), ofawalk with an initial condition, |n| in Z<. Itis a measure that describes how probable
the allowed future outcome or allowed past outcome is accordingly as n is positive or negative.

Definition 2.3. The length between two integer points, x = (x%,x2,...,x4) and y = (%, ¥%, ..., y%)
in taxicab geometry s, disty(x,y) = ?:l|xi — y"| 2 It is the most minimum number of steps, each of unit

size, required to reach y from x or vice versa. Using this definition of length, a concept of oddness and
evenness, parity, of an integer point in taxicab geometry.

The parity of an integer point (x1,x2, ..., x%) is defined as oddness or evenness of the length between
the integer point and the origin, (0,0, ..., up to d terms) in taxicab geometry. Here, dist;(x,0) = Y&, |x' — 0]
describes the parity of the point, (x*,x2, ..., x%), sothat it is called the parity number.

Definition 2.4. The most extreme integer points, (x!,x2,...,x%), among the allowed outcomes of a
walk are called boundaries. Broadly, those allowed outcomes which require Z?:1|x"| = |n| number of steps
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(from the origin) of a walk with an initial condition, |n| in Z¢ are called boundaries [Definition 2.3].
B, = (xt,x?, ..., x?) represents boundaries of the walk. |{Blnl}|d represents the number of boundaries of the
walk with an initial condition, |n| in Z¢.

Up to this point, some basic terms and some notations have been introduced. In the following section,
a lemma to prove a proposition about the probability distribution function for all allowed outcomes of a walk

with the initial condition, |n| in Z¢ isintroduced. Then, the number of allowed outcomes of the walk is dealt.

1. Propositions :
Lemma 3.1. The total number of possible ways for the accomplishment of a walk with an initial

condition, |n|, in Z¢, is (2a)!".
Proof: There are 2d degrees of freedom of direction at the initial point of the walk in Z<. Itis the same
case after the execution of each step®. Using the multiplicative principle of counting, the number of ways that

awalk with an initial condition, |n|, can be executed is 2d % 2d x ... upto |n| terms. Thus, there are (2d)!
ways for the accomplishment of the walk.

Proposition 3.2. The probability of occurrence of an allowed outcome, Sj,| = (x* x?,...,x%), of a
walk with an initial condition, |n|, in Z¢, is

(S = G1x% L x)) = (2d1)|n|{2 ()t }

Ux+r)r 1 (x2 | +r) i (x| +rg )i g!

o
Here (11, 1»,..., 1y) isa d-tuple such that ¥4, r; = Inl=iz x|

Proof: To find the probability of occurrence of an allowed outcome, we need to discuss the number of
ways of a walk that results in the outcome. Firstly let us describe the direction of execution of each step. The
sequence of execution is random, however. Finally, let us use combinatorics to calculate the number of
contributing ways.

(For our positive n [Definition 2.1] So, the absolute sign is dropped down for now.)

Let S, = (x% x2, ..., x%) be an allowed outcome of a walk with an initial condition, n, in Z¢. The outcome

and r; is a non-negative integer.

mandatorily requires a length of dist;(x,0) = ¥, |x’ — 0| tobe described [Definition 2.3.]. It means T, | x|
number of steps: X' in an i™ direction is executed for the outcome to occur [Definition 2.2.]—[Definition 2.3.].

Rest of the steps, (n — Y&, |x!|), should be executed so that there is an equalization® (It gives a sense
that execution of rest of the steps should not contribute the walk extra steps so that the outcome does not differ
from S, = (x%, x2, ..., x%)). For equalization, there should be an equal number of steps executed in both
positive and negative direction of any of d directions. (It implies that the number of remaining steps has even
parity. Because the difference between nand Z?:1|xi| is even, the parity of initial condition, n, is same to that
of the allowed outcome [Definition 2.3.]) The freedom in choosing any of d directions make us form d-tuple of

— ¥ |yl . . . . . . .
the number of steps out of %—1'“ steps executed each in positive directions and negative directions

selected randomly.

Let (11, 15, ..., 1ry) beone of such d-tuplesthat r; (i = 1,2,...,d) is executed each in I"" positive
direction and negative direction. Because the sum of the number of steps executed in positive and negative

ith
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. 1fX'is non-negative, (|x*] + )

d i
direction should be equal to the number of remaining steps, ¥%_, r; = %ﬂlxl

jth i negative direction. If X' is negative, (|x| +7;)

ith

steps are executed in an I"" positive direction and rj in the

steps are executed in the it negative direction. In contrast, if executed inan I positive direction. Now, the
directions of execution of each step have been described. A similar discussion can be done with different
d i
ordered setsof (rq, Iy,..., I'4) that can be formed by the constraint, ¢, », = %ﬂ'x'
The number of ordered execution of n steps along different directions as discussed is

n! . . .
> S FE YT LT T e g v Here, the d-tuple (ry, Iy,..., Iy) can be varied with the help of the constraint,

d i ; ; ; . A A A
<= ‘2%1'"' So, summation, ¥, is required. A similar discussion that deals with the past can be done

when n is negative, except that |n| replaces n.
Inl!

F(lx?] + )l (fd ] + 1)ty

The number of ordered execution of |n| steps along different directions, Z RN
1 1

is the number of ways that contribute the walk for the occurrence of the allowed outcome, Sp,| = (L %2, .. x9).
Because there are (24)!"! ways for accomplishment of the walk [Lemma 3.1.], the probability that the allowed

outcome, S, = (x%,x2,...,x%), occurs is

(Inl)!
— (1 42 d
P (S = Gt x) = (Zd)lnl{z(|xl|+7’1)'7”1'(|X2|+7”2)'7”2 e+t (32
Here (ry, I,..., Iq4) is a d-tuple such that I is a non-negative integer and Y&, r, = lnlzéillxl

Ineq.3.2.a., S = (x*,x2,...,x%) isactuallyan arbitrary allowed outcome of awalk. Thus, it is the
probability distribution function for a walk with an initial condition, |n| in Z¢

Inl—|x*]

Corollary 3.2.1. In Z, the constraint Y4, r, = W reduces to r, = , and
Sp| = (x*,x2, .., x%) reduces to Sin| = (xY). Thus, the probability distribution function reduces to
(nD!
S| | — (X ) |n| nl+[xT nl-[xI]\
(n ) @ Cllgculy (32.1a)

This is the Bernoulli distribution function®. When the initial condition is 2|n| and S| =(0), €q.
3.2.1.a. reduces to

(52|n| (O)) (2)12|n| (lennll) (3.2.1.b.)

This is the probability of return to the origin®.
Lemma 3.3. The total number of allowed outcomes of a walk with an initial condition, |n| , in Z is
[{Spm}l, =x+1
Proof: The number of allowed outcomes of a walk is constrained by the initial condition, |n|. Proposition
3.2 (par. 3) discusses that the initial condition and the allowed outcomes have same parity. So, the set of allowed
outcomes in one dimensional integer lattice, Z, is {(=|nl|), (=|n| + 2),...,(In] — 2), (In])}*2
When |n| =1, the set of allowed outcomes is {S1} = {(-1), (1)}. So, [{Si}1 =2 = 1+1.
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When |n| = 2, the set of allowed outcomes is {S2} = {(—2), (0), (2)}. So, |{S2}|: =3 = 2+1.

Let the proposition be true when |n| = K. The set of allowed outcomes is {S¢} = {(— k), (—k+2),
ey (k=2), (K)}. Moreover, [{Sx}: =k + 1.

Since the initial condition and the allowed outcomes have same parity, and because the supposition
that the proposition is true when |n| = K, is needed to be used, let us check whether it is true when
[n] = k + 2. The set of allowed outcomes is {Sk+2} = {(—k—2), (- k), (=k + 2), ..., (k=2), (k),
(k+2)}. There are two allowed outcomes: (— k—2) and (k + 2) more than that of {Si}. It is obvious that
{SkaoHi = HSiH1 +2=(k +1) +2 = (k +2) + 1, which istrue.

So, for a walk with an initial condition, |n|, in Z, the total number of allowed outcomes is

[{Sini}l, =2+ 1. (3.3.a)

Lemma 3.4. The total number of boundaries of a walk with an initial condition, |n|, in Z¢ is

1B}, = {Simi}l, = 1{Smi-2}1 -

Proof: The number and parity of allowed outcomes are constrained by the initial condition, so the
allowed outcomes of a walk with an initial condition, |n] , and a walk with an initial condition, |n] -2, have
same parity.

If 2 steps out of |n| steps undergo equalization, the former walk seems to be the later walk. It can be
inferred that the allowed outcomes of a walk with an initial condition |n| — 2 are the allowed outcomes of a walk
with an initial condition |n] .

In contrast, if the discussed 2 steps do not undergo equalization, and contribute 2 steps to each
allowed outcome of the walk (that seemed to be a walk) with the initial condition |n| — 2, it results in the
boundaries of the walk with initial condition |n| as allowed outcomes. It is obvious that for a walk with an initial

condition, |n|,in Z¢, we get the total number of boundaries when the total number of the allowed outcomes of
the former walk, is subtracted from the total number of the allowed outcomes of the latter one. That is,

[{Bini}l, = 1{Smi}l, = {Stm1-2} - (3.4.3.)
Note: The formula holds good for all nonzero integers because the distribution of the boundaries,
By = (x1,x2,...,x%), is similar for any initial condition. The distribution is described by the equation,

Li|xt| = Inl. (34.h)

Because awalk with an initial condition, @, is certain to be at the initial position?, it is not actually a
random walk. That is the formula does not hold good for the initial condition, 0, however.

Here eq. 3.4.b. represents circles, spheres, and hyperspheres centered at origin and radius |n| in two-
dimensional taxicab geometry, three-dimensional taxicab geometry and higher dimensional taxicab geometry
respectively®>®1, It means eq. 3.4.b. describes the distribution of integer points with same parity number
[Definition 2.3.].

Corollary 3.4.1. There are two boundaries of a walk in Z. We can calculate using eq. 3.3.a when
[n] =k and when |n| = k — 2 and subtracting the latter one from the former one to get two boundaries.

It is difficult to calculate the number of allowed outcomes by considering only the facts that the walk
isexecuted in Z¢ and the initial condition is |n|. We have in our hand the total number of allowed outcomes of
a walk with a finite initial condition in Z. This information can be used to calculate the number of allowed

outcomes of a walk in Z¢. The calculation is recursive which means the numbers of allowed outcomes in
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lower dimensional integer lattices are required to calculate the number of allowed outcomes in higher dimensional
integer lattice.

The basic concept of calculating the number of allowed outcomes of a walk with the initial condition,
In|,in Z¢ is: Let us consider an f-dimensional integer lattice, Z/, is less than d, and perform the walk. An integer

point (x,x2,..,x/) in Z/ mandatorily requires Y./_, |x| number of steps [Definition 2.3.], so, the point,
(et %2, .., x%), is constrained by Y/_|x!| < n|. If there are remaining steps, they can be used as initial
condition for a walk in an extra (f —d)-dimensional integer lattice, Z/ ~¢. We can find the total number of
allowed outcomes of this walk (It is assumed that the formula to calculate the number allowed outcomes in z/
and in Z/ are known) and sum up all the allowed outcomes contributed by the integer points that is constrained

by Z{:l|x"| < |nl.

Definition 3.5. Let us consider a walk with an initial condition, |n|, in Z¢. An f -dimensional integer
lattice, Z/, f is less than d, integer points of which we consider as originas for further walk in an extra (f —d)-

dimensional integer lattice, Z/ ¢, to calculate the total number of allowed outcomes of the walk in Z is called
fundamental integer lattice.

Proposition 3.6. The total number of allowed outcomes of a walk with an initial condition, |n]|, in Z¢ is,

In|

(Sl = S, + . (KBS -,.,)

i=1
Here, Z/ is a fundamental integer lattice, and £ is less than d. It is assumed that |{S|n|}|d—f and

[{B;}|; are known.
Proof: Let us consider a walk with an initial condition, |n|, in Z/. Let the walk after execution of

»/_, |x*| number of steps without equalization be atB( )= (x%, x2, ..., x/) [Definition 2.4.]. Each of the

Z{:]_lxil

integer pointsin Z/ has an extra (f —d)-dimensional integer lattice, Z/ ¢, for execution of (|n| — X/_,|x|)

steps, and can contribute |{S(|n|_2f Ixil)}| allowed outcomes. The total contribution made by integer
i=1 d—f

i = (5! 42 fYin7/f-d; ) ) |yt
points represented byB(Zlelxll) (Y x%, . x)inzf~4is |{B(Zf=1IX‘I)}|f ‘{S(|n|—2{=1|xl|)} . But ¥/, |x{|
can be varied by the constraint Z{:l|xi| < |n|. Because Bg does not hold good [Lemma 3.4.],

1< Zi:1|xi| < [n]. Thus, the total number of allowed outcomes contributed by the discussed integer points
of 7/~ (except the origin of Z/~4)is

Z!’l'l (I{Bi}|f|{sln|—i}|d_f) (36.9)

The walk at the origin of Z/ has |n| steps that can be executed in Z/~¢. So, the number of allowed
outcomes contributed by the origin is
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|{Sini}l 4, (36.0)

Finally, the total number of allowed outcomes of a walk with initial condition |n|, in Z/~¢ is the sum of
eg. 3.6.a. and eg. 3.6.b. So,

|{S|n|}|d = |{S|n|}|d_f + Z!r;ll (I{Bl}|f|{s|n|—l}|d_f) (36C)

Where Z/ is a fundamental integer lattice, and fis less than d.
Corollary 3.6.1. The total number of allowed outcomes of a walk with initial condition, |n|, in Z?, is,

[{Simi}], = (Inl + 1)
Proof: Let the fundamental space be Z such that [{B; }|: = 2 [Corollary 3.4.1], {Sj-i) H1=(In|—i+ 1) and
[{Sn) H2= (In| + 1) [Lemma 3.3.]. Now using these quantities in eq. 3.6.c., we get,

In|

|{Simi}l, = (nl + 1) + 2 2(Inl - i+1)
i=1

|{Sni}], = (nl + 1)2. (3.6.1.2.)
This method can be used similarly to calculate the number of allowed outcomes of a walk in higher
dimensional integer lattice, Z¢.

4. Conclusion and Future Work

The paper analyzed a simple symmetric random walk of finite steps in Z¢ and got some generalized
results. It broadened the probability distribution function of the walk from the return to origin to all the possible
outcomes of the walk. Moreover, it discussed the number of allowed outcomes. It gave an insight into the

number of integer points (x, x2, ..., x%) having the same parity, or having the same parity number. The equation
L, |xt| = In| explained the distribution of integer points in Z°.

One direction for the future work could be to explore the properties of circles, spheres and the like in
taxicab geometry. In this paper, only the integer lattice is considered for the random walk. It can be generalized
to other ordered lattices, however. In addition outcomes of a walk with infinite steps as initial condition along
with the probability associated with them can be studied.
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