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Abstract

In this chapter we investigate n x n matrix M which is in multiplicative matrix form. This is a quite new
concept. A theorem is given to construct an infinite number of matrices M in multiplicative matrix form of
different order even if matrix A has only two entries a & b taken alternatively in its first row or first column with
examples.

Key words : Multiplicative matrix form?, Circulant matrix2, Triangular matrix3, Upper triangular matrix®,
Lower triangular matrix®> & Hadamart product®.

NOTATIONS
Jn: nxn matrix having all entries 1
Jmxn : mxn matrix having all entries 1
- Jmxn : mxn matrix having all entries -1
MT : transpose of matrix M

Definition

1) Multiplicative Matrix Form
An nxn matrix M is said to be in multiplicative matrix form if
M(al, [ ) ar) M(bl, by, el ) br) = M(Cl, (0 T ) Cr)

where, Cj = ij c' jajbk is a bilinear function of a’sand b’s.

Example  Let,
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ai 0 0
M(al, ay, a3) = 0 az as
0 0 0 )
b1 0 0
and M(al, ay, a3) = 0 b, bs
0 0 0 ). )
be two 3x3 matrices. we consider,
ar 0 0 b1 0 0
M(al, ay, ag) M(al, ay, ag) = 0 az as 0 bz b3
0 0 0 0 0 0/, by(1)&2)
a1 by 0 0 C1 0 0
= 0 asb, asbs = 0 C2 C3
0 0 0 0 0 0
= M (c, Co, C3)
where ¢ = aiby, C2= aghy, and C3 = ashs
2 Circulant Matrix :

A matrix M is called a circulant matrix if the next entry of rows or columns starts from the entry where
itends in previous rows or columns and the arrangements of entries in each row or column are order as it is taken
in first row or column. e.g

a b c
c a b
b ¢ a
isa Circulant matrix
3 Triangular Matrix
An nxn matrix A = [a;] is called a triangular matrix if &; = 0, either i<j or i>].
4) Upper triangular matrix

Annxn matrix A= [aij] iscalled an Upper Triangular Matrix ifaij =0,i>j.

Example 0 1 2 3
A= 0 5 1 2
0 0 5 6
0 0 0 4 isan upper triangular matrix.
5) Lower Triangular Matrix
Annxn matrix A= [aij] iscalled an Lower Triangular Matrix ifaij =0, if i<j.
Example
1 0 0 0
A= 2 3 0 0
4 5 6 0
7 8 9 2 is a lower triangular matrix.
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6) Hadamard Product of two matrices : Let Aand B are two matrices of the same type. Then the matrix
obtained by the product of corresponding entries of matrices. A and B is called Hadamard product of two
matrices Aand B. It is denoted by A=B.

Let,
A= {ml m, msj and B= {al a, a, ]
m, m, mg a, a, a,
then,
AeB= (mla1 m,a, msasj
ma, ma, ma,
Theorem

If an nxn matrix A is in multiplicative matrix form with two symbols a and b in rows or columns taken
alternatively, then the symmetrical matrix

M=Ae],
is in multiplicative matrix form of order n=m(r+2s) where r and s are numbers of a’s and b’s in matrix A and
In=[RRy.e.... R R:] T, here R =[Jm Jmxem ovveen. I Imsem], R = [3Tmsem Jom . ITmxem J2m ] @nd e stands for
Hadamard product.
Proof :- Let
a b a b
b a b a
A= |
b a b a
@
be in nxn matrix in a multiplicative matrix form.
Then matrix,
M = A-Jm(r+25) = M (a,b) (2)
a b a b Jm mezm mezm
b a b a Jme2m \]2m JZm
b a b a Jme2m \]2m JZm
a.\]m b\]mx2m ........ meme
bJmezm aJZm ...... aJZm
bJmezm a\JZm ...... aJZm

be a matrix of order m(r+2s). We show that the matrix M is in multiplicative matrix form.
We consider
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M (a1, b1) M(az, by)

azdm bulmeom .. D1Imxom azdm D2Jmxom
b1 mem  ardom ardom a0 mxom axJom
b1 mem  a1dom a1dom ad mxom asdom...
CIm dIrmem AJrmxom
dJTm)Qm CJZm CJZm
= = M(c, d)
dJTm)Qm CJZm CJZm

which shows that matrix M is in multiplicative matrix form
where C=m{raa, + 2sbib,)
and d =m(raib, + 2sbs;a,) and they are bilinear function of a’s and b’s.

Remark :
1 Order nxn of matrix M depends upon the number of a’s and b’s in matrix Aand m in Jp.

D2dmxom
azdom

2. Rcontains as many as blocks of Jm and Jmxom as A has number of entries in first row or first column.
3. We can construct matrix M with more than 2 symbols suitably placed in its rows and columns.

Example-1: Let, a b a
A= [ b a b ]
a b a

421

(1)

be a 3x3 matrix in multiplicative matrix form with two a’s and one b’s. Here wetake m=2andwehave r=2, &
s=11from (i), We construct a 8x8 matrix M of order 2(2+2.1)=8. The block matrix Js will be of the form as

J=[R Ry R]"
Where R=[J2 Joxa J2] and

R1= T2 s J2a]

Therefore, the matrix M is constructed as
M=Ae¢Jg=As[R R R]"

by (3) and (4)

a b c J Joxa J2
= [ b a b J - [ Ioxa Jaxa JT2x4]
a b c Ja Joxa J2 ,
aly bJoxa aly
= [ bd ok alaxa b oxa J
alk bJoxa alJo

(2)
©)
(4)
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O o0 0 YT T
O o0 0 YT T
O o0 0 YT T

b b b

O O T T T T OH QD

We show that the matrix M is in multiplicative matrix form
We consider, M(as, b1) M(az, b)

/

\
g

\

Where
and

ai
ai
b1
by
by
by
ai
ai

a
a
b
b
b
b
az
a

[pENelNoRoR oo RNl

ai
ai
b1
by
b1
by
ai
ai

a
a
b
b
b
b
az
a

[pENelNoRoR oo RNl

b1
by
ai
ai
ai
ai
by
b1

b
b
a
a
a
a
b
b

O OO 0O 00O aa

c= 2(2&1&2 + 2b1b2)
d= 2(2a1b2 + 2b1&2)

cly
dJ o

cly

dJoxa
Claxa
dJoxa

b1 b1 b1

by by b1
ai ai ai
ai ai ai
ai ai ai
ai ai ai
by by b1
b1 b1 b1
b b b
b b b
az az az
az az az
az az az
az az az

b b b

b, b, b,
d d d
d d d
C C C
C C C
C C C
C C C
d d d
d d d
cly

dJT2x4 =M (C, d )
cly

ai
ai
b1
by
b1
b1
ai
ai

a
a
b
b
b
b
az
a

[pENelNoRoR oo RNl

O O T T T T OH QD

ai
al\
b1
by
b1
b1

alj
ai
aZ\
az

b
b
b
b

[pENelNoRoR oo RNl

=M (a, b)

©)
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. M(ag, b1) M(a,, b)) =M(c, d).
.. Matrix M is in multiplicative matrix form.

a b a
b a b

a b a

Example - 2 : Let,
A=

@
matrix in a multiplicative matrix form, having two a’s and one b’s.

Here we take m=3 and we have 2 a’s and one b’s from (i). We construct a matrix M of order 3(2+2.1)=12. The

block matrix Jio will of the form as,

Jp=[R RLR]" 3]
where R=[J3 Jaxs J3] and 3)
R1=[1"Taxs J6 JTax6] @)

Therefore, the matrix M is constructed as
M=A+J,=As[RR; R]"

a b a J3 Jaxe J3
= [ b a b } . [ NLEW Joxe JTM}
a b C J3 Jaxe J3 by (3) and (4)
a;lT bl . a;lT
= bJ 3x6 aJGxG bJ 3x6
al, bl . al,
( a a a b b b b b b a a a
a a a b b b b b b a a a
a a a b b b b b b a a a
b b b a a a a a a b b b
b b b a a a a a a b b b
= b b b a a a a a a b b b
b b b a a a a a a b b b
b b b a a a a a a b b b
b b b a a a a a a b b b
a a a b b b b b b a a a
\ a a a b b b b b b a a a
a a a b b b b b b a a a
12x12
=M (a, b) )
we show that matrix M is in multiplicative form i.e.
We consider,

M(ag,b1) M (az,b2)

= bidTsxe adexs  01dTaxe DT a2dexs 0203k

ayls bilaxe a1l J [3233 Dolaxs  @2J3 J
ayls bilaxe a1l azJs Dolaxs  @2J3

cls dJaxe cls
= dTaxs  Clexe ATz | =M (c, d)
CJ3 dJaxe cls
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Where

c=3(2a1a, + 2nb,) = 6 (a1, + bib,)

Bakshi Om Prakash Sinha, JUSPS-A \ol. 29(10), (2017).

and d=3(2a1b, + 2na,) = 6 (a1h, + bsa,).

=M (c, d).

M(al, bl) M(az, bz) =M (C, d)
which shows that matrix M is in the multiplicative matrix form.

Example - 3:

A=

o o9 T o

O T T

o o9 T o

O T T

Let A be a matrix of even order are in multiplicative form.

@

be a 4x4 matrix in multiplicative matrix form having two a’s and two b’s. Here, we take m=2 and we have two a’s
and two b’s from (1). We constructa matrix M of order 2(2+2.2)=12. The block matrix J,, will of the form as,

J2=[R R R R’

where

Therefore, the matrix M is constructed as
M=A*Jp=A*[R R R Ri]"

a b
= b a
a b
b a
by (3) and (4)
alJo
bd ok
= alJo
b oxa

N

OO O CTCOT T OH D
OO UTO®9H O CTCOTUTOH D
DY Y YT T QOO DY OYTT

/

o O T o

bJoxa
als
bJoxa

QD
[
~

o OO T T LYY OYTT

O T 9 T

R=1[J2 Joxa J2 Joxa] and
Ri=[3"2a s 324 U]

DYDY T T LYY YT

alJo
b oxa
alJo
b oxa

DYDY T T LYY

OO O CTCOT T OH D

J2
s
J>
s

bJoxa
als
bJoxa
NP

OO O CTCOT T OH D

Joxa

Joxa
Ja

DYDY T T LYY

J>
s
J>
s

DYDY T T LYY TOT

Joxa

Joxa
Ja

DYDY T T LYY YT

(2)
(3)
(4)

7

DYDY T T LYY YT

\

;
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Table - 1. Construction of Matrix ‘M’
Where o(A) and o(M) denote the order of matrices A and M respectively
r = numbers of a’s & s = numbers of b’s
o(A) r S m o(M) =m(r+2s) c d
22 1 1 2 6 2(a1a2+2b1b2) 2(a1b2+2b1a2)
22 1 1 3 9 3(a1a2+2b1b2) 3(a1b2+2b1a2)
22 1 1 4 12 4(a1a2+2b1b2) 4(a1b2+2b1a2)
343 2 1 2 8 4(a1a2+b1b2) 4(a1b2+b1a2)
33 2 1 3 12 6(a1a2+b1b2) 6(a1b2+b1a2)
343 4 16 8(a1a2+b1b2) 8(a1b2+b1a2)
44 2 2 2 12 4(a1a2+2b1b2) 4(a1b2+2b1a2)
44 2 2 3 18 6(a1a2+2b1b2) 6(a1b2+2b1a2)
44 24 8(a1a2+2b1b2) 8(a1b2+2b1a2)
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Suggestion / Further scopes :-
a) Order nxn of matrix M depends upon the number of a’sand b’s in matrix Aand m in Jy.

b) ‘R’ contains as many as blocks of Jm and Jmxem as A has number of entries in first row or first column.

c) We can construct matrix M with more than 2 symbols suitably placed in its rows and columns.

d) Itpreservesthe matrix like Circulant matrix, Upper triangular matrix, lower triangular matrix & orthogonal
matrix and further research work may be done in this field

e) By assigning any value of ‘n” any metrics form can be obtained and the process can be made very easy to
solve the difficult & rig ours problem.
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