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1 Introduction

In 1975, Golab? introduced the notion of quarter — symmetric connection in a Riemannian manifold
with affine connection. This was further developed by Yano and Imai'®, Mishra and Pandey?®, Mukhopadhyay,
Roy and Barua?®, Biswas and De?, Sengupta and Biswas™, Singh and Pandey? and many other geometers. In
this paper we define and study a quarter — symmetric non — metric connection on an Lorentzian para — Sasakian
manifold. Section 1, is introductory. In section 2, we give the definition of Lorentzian para — Sasakian . In
section 3, we define a quarter — symmetric non — metric connection. In section 4, Quasi-Conformal curvature
tensor of the quarter — symmetric non — metric connection is Lorentzian para — Sasakian manifold is studied. In

section 5, m-Projective curvature tensor of the quarter — symmetric non — metric connection is Lorentzian
para — Sasakian manifold is studied. In section 6, Weyl-Conformal curvature tensor of the quarter — symmetric

non — metric connection is Lorentzian para — Sasakian manifold is studied . In section 7, Psuedo W, — curvature
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tensor of the quarter — symmetric non — metric connection is Lorentzian para — Sasakian manifold is studied
and finally In section 8,Conhormonic curvature tensor of the quarter — symmetric non — metric connection is
Lorentzian para — Sasakian manifold is studied.

2 Preliminaries :

An n — dimensional differential manifold M " isa Lorentzian para — Sasakian (LP — Sasakian) manifold
ifitadmitsa (1,1)—tensor field ¢, contravariant vector field £, a covariant vector field 77, and a Lorentzian
metric g, which satisfy

P*X = X +n(X)E, (2.1)
n)=-1, (2.2)
g(PX,aY) = g(X,Y) +n(X)n(Y), (2.3)
9(X,&) =n(X), (2.4)
(Vi) (Y)=g(X,Y)S +n(Y) X +2n(X)n(Y)E, (2.5)
Vi =¢X, (2.6)

for any vector fields X and Y , where v/ denotes covariant differentiation with respect to g 1 and *8

Inan LP — Sasakian manifold M " with structure (¢,&,77, Q) itis easily seen that

¢5=0,  n(¢X)=0, rank(¢) =(n-1), (2.7)
F(X,Y)=g(#X.Y), (2.8)
Then the tensor field F is symmetric (0,2) tensor field

F(X,Y)=F(Y, X), (2.9)
FOXY) = (Vin)(Y). (2.10)

Definition 1: The quasi — conformal curvature tensor is defined as %,

C(X,Y,Z)=aRr(X,Y,2) (2.11)
+b[S(Y,Z)X -S(X,Z)¥]
+blg(v, )X - g(X,Z)QY]

_r[zanm}[g(v,z)x —g(x,z)]

(2n+1)

Definition 2: The M-projective curvature tensor (w') is defined as %,

w'(X,Y,Z)=R(X,Y,Z) (2.12)
1

[S(Y,Z)X =S(X,Z)Y]

2(n-1)
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—— L [olv,z)x —g(X,2)QY]

2(n-1)
Definition 3: The conhormonic curvature tensor (c*) is defined as %,
C'(X,Y,Z2)=R(X,Y,Z) (2.13)
1

————[s(Y,Z)x =s(X,z)¥]

(n-2)

1
_(n_z)[g(Y’Z)QX _g(X’Z)QY]'

Definition 4 : The Weyl conformal curvature tensor g is defined as 2
x(X,Y,Z)=R(X,Y,Z) (2.14)

—ﬁ[g(Y,Z)QX—g(X,Z)QY

+S(Y,Z)X =s(X,Z)Y]

+m[g(v,z)x—g(x,z)v].

Definition 5 : Pseudo W, curvature tensor W, is defined as %,
W,(X,Y,Z)=a,R(X,Y,Z) (2.15)
+b,[g(Y,Z)QX - g(X,Z)QY]

_L[ 2 +b2}[g(Y,Z)X -g(X,z)v]

nin-1

3 Quarter — symmetric non — metric Connection in an LP _ Sasakian manifold :
Let (M " g) be an LP — Sasakian manifold with Levi — Civita connection Y we define linear connection

v on M" by
VxY =V, Y —n(X )Y —n(X ¥ =Y )X +g(X,Y ), (3.1)
for all vector fields X and Y
Using (3.1) the torsion tensor T of M " with respect to the connection 6 is given by
T(X,Y) =n(Y)gX — (X )Y. (3.2)
A linear connection satisfying (3.2) is called quarter — symmetric connections™#3%°
further Using (3.1) we have

(Vxg)v.2)= 2p(X )a(¥,Z)+25(X )a(¢V.2) (3.3)
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A linear connection Y/ defined by (3.2) satisfies (3.2) and (3.3) is called quarter — symmetric non — metric
connection.

Let 6 be a linear connection in M " given by
VxY =V, Y +H(X,Y) (3.4)
Now we shall determine the tensor field H such that v/ satisfies (3.2) and (3.3)

From (3.4), we have

T(X,Y)=H(X,Y)-H(Y,X) (3.5)
Denote

G(X.Y,2)=(Vxg)¥.2) (3.6)
From (3.4) and (3.6) we have

g(H(X,Y),Z)+g(H(X,Z)Y)=-G(X,Y,Z) (3.7)

From (3.4), (3.6) ,(3.7)and (3.3) we have
oT(X,¥).2)+ T (Z, X).Y )+ g(T(Z,Y). X )= g(H(X,Y),Z)-g(H(Y,X),Z)
+9(H(Z,X)Y)-9(H(X,Z)Y)
+9(H(Z,Y), X)-g(H(Y,Z),X)
=g(H(X,Y),Z)+G(X,Y,Z)
+G(Y,X,Z2)-G(z,X,Y)
=2g(H(X.Y).2)
+2n(X)g(Y,Z)+2n(X)glgy,2)
+2n(Y)g(X,Z)+2n(Y)g(gx, )
)

OR
1 —. —
H(X,Y)=2{f(X,Y)+T (X,Y)+T (Y,X)} (38)
—n(X)Y —n(Y)X +9(X,Y)&
—n(X)gY —n(Y)¢X +g(¢X,Y)S
Where T be a tensor field of type (1,2) defined by

o (x.¥).z)=gfT(z. X)¥) 39)
From (3.2) and (3.9) we have

T (X,Y)=n(X)gY —g(¢X,Y)E (3.10)
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Using (3.2) and (3.10) in (3.8) we get

H(X,Y)==n(X)gY —n(X)Y —n(Y)X +9(X,Y)& (3.11)
Thisimplies
VY =V, Y =n(X)gY —n(X)Y =n(Y)X +g(X,Y)é (3.12)

Theorem 1 : Let (|v| " g) be an LP — Sasakian manifold with almost Lorentzian — Para contact metric

structure (¢,£,n,9) admitting a quarter — symmetric non — metric connection y; which satisfies (3.2) and
(3.3) then the quarter—symmetric non — metric connection is given by (3.12)

Curvature tensor of an LP _ Sasakian manifold with respect to the Quarter — symmetric non — metric
Connection y/

Let ﬁ and R be the curvature tensor of the connection 6 and V respectively

ﬁ(X,Y)Z :§xgyz—§ygxz—€[x,y]z (3.13)

From (3.13) and (3.1), we get

R(X,Y)Z =Vx[V,Z -n(Y )z -n(Y)z (3.14)
-n(Z)Y +9(Y,Z )]
=V [V Z -n(X )z -n(X)z
-n(Z)X +9(X, Z)¢]
~ V2 —n((X,Y ]z
-n([X,Y])Z -n(2)[X.Y]

+g(x.v]z)
Using (2:5) (2:6) and (3:1) in (3:14)

R(X,Y)Z =R(X,Y)Z+F(Y,Z)X -F(X,Z2)Y (3.15)
+9(Y,Z2)¢X —g(X,Z)pY
+n(XIn(Z2)gY —n(Y )n(Z)¢X
+9(Y,Z2)X -g(X,2)Y
+n(X)F(Y,Z)é-n(Y)F(X,2)é
+2n(X)a(Y,2)E - 2n(Y )g(X,2)é
Where

R(X.Y)Z =V, V,Z-V,V,Z -V, ,Z,
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is the curvature tensor of D with respect to the Riemannian Connection.
Contracting (3.15) we get

S(Y,z)=5s(Y,z)+(n-3)g(pY,2) (3.16)

+(w+n=3)g(Y.2)~(y +2n(Y Jn(2),

From (3.16)
0(Q¥.2)= 9(Q¥.2)+(n-3)g(gv.2) (3.17)

+(w+n=3)g(Y.2) -y +2n(Y Jn(2),

Contracting (3.17) with respectto Z we get (3.18)
QY =QY +(n=3Y +(y +n-3)Y — (v +2)(Y)¢, (3.18)
r=r+2(n-1)y +(n-1)Yn-2.) (3.19)
where S and r are the Ricci tensor and scalar curvature with respect to v and y =trace ¢

4 Quasi — conformal Curvature tensor on an LP _ Sasakian manifold with respect to the Quarter — symmetric

non — metric Connection v/ :

Let C_ and c* denote the quasi — conformal curvature tensor with respect to connection 6 and V
respectively?,
C’(X,Y,z)=aR(X,Y,2) (4.1)
+b[S(Y,Z)x —S(X,Z)Y|

+blg(v,Z)Qx - g(X,Z)QY |

- (an+1)[zi‘n+ b}[g(Y,Z)X -9(x,z)v]

and
C'(X,Y,Z)=aR(X,Y,Z) (4.2)
+b[S(Y,Z)X =S(X,Z)Y]

+b[g(Y,Z)QX -g(X,Z)QY]
s vt 2 ~a(x. 2]
Using (:15) ; (3:16) & (3:18) in(4:1) , wefind

Cc*(X,Y,Z)=C"(X,Y,Z) (4.3)
+[F(Y,Z)X =F(X,Z)YJa+b(n-3)]
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+[9(Y,Z)¢x —g(X,Z)¢Y Ja+b(n-3)]
+afn(X ()Y -n(Y (2 )X ]

+[a(Y,Z2)X —g(X,2)YJa+2(y +n-3)

_{Z(n 1y +(n-1)n- 2)}[& .\ bﬂ

2n+1 2n

+afn(X)F(Y,2)¢ -n(Y)F(X,Z)¢]
+[n(X)a(Y.2)e-2n(Y)a(X,Z)é]2a—b(y +2)]

—bly +2){n(Y (Z)X —n(X n(Z)y }

[F(Y,Z)X —=F(X,2)Y Ja+b(n-3)]
+[9(Y,Z)¢X —g(X,Z)¢Y Ja+b(n-3)]
+afn(X (2 )gY —n(Y n(Z)pX ]

+[9(Y,Z2)X —g(X,2)Y Ja+2(y +n-3)

_{Z(n 1y +(n-1)n- 2)}[& .\ bﬂ

2n+1 2n

=—a[n(X)F(Y,2)& -n(Y)F(X,2)é]
~[n(X)a(Y,2)& -2n(Y)g(X,Z)é]2a—b(y +2)]
+b(y +2)n(Y n(2)X —n(X n(Z)v }

then from equation (4.3) we get

c'(x.,Y,z)=Cc"(X.Y,2)
Hence, we can state the following theorem;

507

(4.4)

Theorem 2 : In an LP _ Sasakian manifold Quasi — conformal Curvature tensor with respect to
Riemannian connection is equal to the Quasi — conformal Curvature tensor with respect to Quarter — symmetric

non — metric Connection v, if equation (4.4) holds.

5 m_Projective Curvature tensor on an LP _ Sasakian manifold with respect to the Quarter — symmetric

non — metric Connection v :

Let w* and W" denote the M-projective curvature tensor (w")with respect to connection 6 and Y

respectively. thenM-projective curvature tensor (w*) is defined as??,

w(X,Y,Z)=R(X,Y,Z)

(5.1)
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[s(v.z)x -5(x,z)v]

1
2(n-1)
- 2(n1—1) [g(Y,Z)(jX —Q(X’Z)(SYl

And
w'(X,Y,Z)=R(X,Y,Z)

[S(Y,Z)X =S(X,Z)Y]

2(n-1)
_ﬁ[g(v,z)qx—g(x,zml

Using (3.15),(3.153.16) & 3.153.163.18 in (5.1), wefind

n+1
2(n-1)
[

g(Y,Z)¢X —g(X,Z)¢Y]

W' (X,Y)Z =W"(X, Y)Z+{

{ n+1

+n(x )'7( WY —n(Y )n(Z )X |
(y+n-3)
{1_ ”’2(” ) J[g(Y,Z)X—g(X,Z)Y]
+I(X)F (Y, 2)é -n(Y)F (X, 2)¢]
+(2+ b 1)j[n( (¥, 2)2 -n()g(X,2)¢]

}[F(Y,Z)X ~F(X,2)Y]

N

L2 X —p(On(z )]

2(n-1)

n+1
{Zn_l)}[F(Y,Z)X—F(X,Z)Y]

+{2Fn+_11)}[gw, 2)px - g(X.2)¢Y ]
(@)Y -n(¥ (2 )ex]

_ (w+n-3)
= WZ(n—l)

~[n(X)F(Y.2)é —n(Y )F(X,Z)¢]

+2
(2+2*gn )J[n( Jo(¥.2)E-n(¥)a(X,2)¢]

j[g(Y,Z)X—g(x,Z)Y]

(5.2)

(5.3)

(5.4)
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_w+2) _
2@ a2y )
then from equation (5.3) we get
W (X,Y)Z =W'(X,Y)Z,
Hence, we can state the following theorem;

Theorem 3: In an LP _ Sasakian manifold m-Projective Curvature tensor with respect to Riemannian
connection is equal to the m-Projective Curvature tensor with respect to Quarter — symmetric non — metric

Connection vy if equation (2?) holds.

6 Weyl conformal Curvature tensor on an LP _ Sasakian manifold with respect to the Quarter — symmetric
non — metric Connection v :

Let x and x denote the Weyl conformal curvature tensor with respect to connection y, and v
respectively . then

x(X,Y,Z)=R(X,Y,Z) (6.1)

_ﬁ[g(Y,Z)ax —9(X,Z)QY +5(Y,2)X -8(X, Z)Y]

+Wzn_2)[9(\(’z)x —g(X,Z)Y],

And
x(X,Y,Z)=R(X,Y,Z) (6.2)

—ni[g(v,z)Qx —g(X,Z)QY +S(Y,Z)X =S(X,Z)]
m[g(Y Z)X-g(X,Z)Y]
Using (3.15),(3.153.16)(3.153.16318) & (3.153.163.183.19)in (6.1), we find

K(X,Y)Z =x(X,Y)Z (6.3)

1
+(n_2j[|:o(,2)x—|:(x,2)v]

+(ni2j[g(Y,Z)¢X ~g(X,Z)¢v]

+[(X M(Z)pY —n(Y In(Z)pX |
+In(X)F(Y.2)E —n(Y)F(X,2)¢]

[
(2 j[n( Ja(¥.2)E (¥ )g(X, 2)¢]

[” 4}[{9(Y Z)X - g(X,2)Y}}
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[ﬁj[F(Y,Z)X—F(X,Z)Y]
+[ni2}[g(Y,Z)¢X ~g(X,Z)¢Y]
+[n(X (@Y —n(Y n(Z)ex ]

= (X )F(Y,2)& -n(Y)F(X,2)¢]

—(2+"’+22j[n(X)Q(Y,Z)§—n(Y)g(X,Z)ﬁ]

n_

n-4
+[ﬁ}[{g(v.2)x ~9(X.2)v}]
then from equation (6.3) we get
k(X,Y)Z = k(X,Y)Z,
Hence, we can state the following theorem;

(6.4)

Theorem 4 : In an LP _Sasakian manifold Weyl conformal Curvature tensor with respect to
Riemannian connection is equal to the Weyl conformal Curvature tensor with respect to Quarter — symmetric

non — metric Connection v, if equation (6.4) holds.

7 Pseudo w, — Curvature tensor on an LP — Sasakian manifold with respect to the Quarter — symmetric

non — metric Connection v :

Let w, and W, denote the Pseudo W, curvature tensor with respect to connection y/ and V

respectively.??,
W,(X,Y,Z)=a,R(X,Y,Z)
+b,lo(v.2)Qx ~g(x,2)QY]

_f{ azl+b2}[g(v,z)x -9(x,z2)v}]

ngn

and
W,(X,Y,Z)=a,R(X,Y,Z)

+b,[9(Y,Z )X —g(X,Z)QY]

_r{ %, +b2J[g(Y,Z)X -g(X,z)v]

ngn-1
Using (3.15),(3.153.16)(3.153.163.18) & (3.153.163183.19)in (7.1), we find
W, (X,Y)Z =W,(X,Y)Z +a,[F(Y,Z)X —F(X,Z)Y]
+a,[g(Y,Z)¢X - g(X,Z)gY]
+a,[n(X (2 )Y ~n(Y n(Z X ]
+(2a,.b,(y +2)f2n(X)g (¥, 2)s ~2n(Y )g(X.2)¢]

(7.1)

(7.2)

(7.3)
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+|:a2 b,y +n_3)_[2(n—1)4/ +(n—1)(n—2)}

n

a2
{n 1+bz}{g(v,2)><—g(x,zw}},

a,[F(Y,Z)X —F(X,Z)Y]
+2,[g(Y, Z)¢X —g(X,Z)¢v ]
+3,[n(X )n(Z)gY —n (Y Jn(Z px ]
= —(28,.b,(y +2))J2n(X)a (¥, Z)¢ - 2n(Y )g(X, Z)¢]
{az+bz(w+n_3)_[2(n—1)y/+(n—1)(n—2)}

n

a, 3
{n_l+bz}{g(v,2)x g(x,Z)Y}},

then from equation (7.3) we get

W, (X,Y)Z =W,(X,Y)Z,

Hence, we can state the following theorem;

511

(7.4)

Theorem 5: In an LP — Sasakian manifold Pseudo W, — Curvature tensor with respect to Riemannian
connection is equal to the Pseudo W, — Curvature tensor with respect to Quarter — symmetric non — metric

Connection v/ if equation (??) holds.

8 Conhormonic Curvature tensor on an LP _ Sasakian manifold with respect to the Quarter — symmetric

non — metric Connection y/ :

And

Let H and H denote the conhormonic curvature tensor with respect to connection vy and Vv
respectively.?,

H(X,Y,Z2)=R(X,Y,Z)

1 T —
—m[s(v,z)x—s(x,z)v]

H(X,Y,Z)=R(X,Y,Z)

> [S(Y,Z)X =S(X,Z)V]

(8.1)

(82)
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1)szpx—uxzpv1

“(n-2
Using (3.15),(3.153.16)(3.153.163.18) & (3.153.163.183.19) in (8.1), we find

H(X,Y)Z =H(X,Y)Z +{ni2}[F(Y,Z)X ~F(X,2)Y]

+{1}[9(Y,Z)¢X—g(x,2)¢Y]
+[n(XN(Z)pY —n(Y (2 )X |
+[1 y+n- 3} (Y, Z)X —g(X,2)Y]
+[n(x)F(Y 2)é-n(Y)F(X,2)¢]

[2+ j X)a(¥,2)é (¥ )g(X,2)é]
(

+

Dol @)X -n(x (2]

{ }[F(Y Z)X —F(X,Z)Y]

{ }(Y,Z)¢X—g(x,2)¢Y]
+[n(X (2 )pY —n(Y Jn(Z o ]
=—(1—M)[9(Y,Z)X—g(x,zw]

n-2
~[n(X)F(Y,Z)é -n(Y )F(X,Z)é]
—[%‘ﬁfj][n(X)g(Y,Z)cs—n(Y)g(x,Z)é]

V@2 —n(x )]

n-2
then from equation (8.3) we get

H(X,Y)Z =H(X,Y)Z,
Hence, we can state the following theorem;

(8.3)

(8.4)

Theorem 6: In an LP — Sasakian manifold conhormonic Curvature tensor with respect to Riemannian
connection is equal to the conhormonic Curvature tensor with respect to Quarter — symmetric non — metric



N.V.C. Shukla, etal., JUSPS-A Vol. 29(11), (2017). 513

Connection v if equation (8.4) holds.
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