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Abstract

In this paper we have established |N , Pn:an (), M K’ k >1,8 > 0 ,summability faotor using
f - power increasing sequence. by extending the result of Paikray et al., who have proved

‘N, Pn ;5‘k ,k>1,6 >0, summability factor of an infinite series using f - power increasing sequence.

Key words : Quasi-increasing; quasi - f - power increasing; indexed absolute Summability;summability
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1. Introduction

A sequence (a,) of positive numbers is said to be almost increasing if there exists a positive sequence
(b,) and two positive constants A and B such that
Ab,<a, < Bb,, forall neN. (1.1)

For 0 < 8 <1, itis said to be quasi- 3-power increasing, if there exists a constant K depending upon Swith
K>1 such that
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Knfa,>mPa,  foral n>m. (1.2)
In particular if B =0 ,then (a,) isaquasi-increasing sequence. It is clear that for any non-negative /3, every
almost increasing sequence is a quasi- B-power increasing sequence. But the converse is not true in general, as
is (n“*) quasi-S-power increasing but not almost increasing.
Let f :( fn) be a positive sequence of numbers. Then the positive sequence (a,) is said to be quasi-f-
power increasing, if there exists a constant K depending upon f with K > 1 such that
Kf,a,>f,a, .3
for n>m >1. Clearly, if (a,) is a quasi-f-power increasing sequence, then (an fn) isalso a quasi- increasing
sequence.
Let z a, bean infinite series with sequence of partial sums {sn}. Let (pn ) be a sequence of positive

numbers such that

n
P,=>.p, »® asn—>0.

v=0
Then the sequence-to-sequence transformation
1 n
Tn = _Z pv Sv ! Pn;to’ (14)
Pn v=0

defines the (N, P, ) mean of the sequence (sn) generated by the sequence of coefficients ( P, ) . The series

> a, is said to be summable ‘N, pn‘k, k>1,if

k-1
= (P
z(—“j T, T, [ <. s

n=1 pn
The )’ a, series is said to be summable ‘N, pn;5‘k k>1,62>0, if

ok +k-1

(P
Z (HJ ‘Tn —Tn_l‘k <o, (16)
Pn

n=1

Putting o= 1, the summability method ‘N, )

) ,k>1,62>0 reduces to the summabillity method
N, pn;6‘k,k21.
The series Zan is said to be summable ‘N, pn,an(é)‘k k>1,6>0, if
" k-1
k[ P k
Z (an) [pnj ‘Tn _Tn—l‘ <. @7
n=.

1 n
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n

) R
Putting o, = {P”J , the summability method ‘N, P, ,Otn(5Xk ,K>1,6 20 reduces to the summabillity

method ‘N, pn;5‘k k>1,6>0

For any real number [, the series Zan is said to be summable by the summabilty method ‘N, Py 0, (6), 1
k>1,62>0,if

’
k

Z(an) . To—Toa| <. (18)
n=1 n

Putting i = 1, the summabilty method ‘N pn,an(S),u‘k reduces to the summability method
N, P, (8] .

2. Known Theorems :

Dealing with quasi-/3-power increasing sequence Bor and Debnath? have established the following
theorem:
Theorem 2.1:

Let (X n ) be a quasi--power increasing sequence for 0 < 8 <1 and (4,) be a real sequence.|f the
conditions

- P
ZT” =0(Py) 211)
n=1
An Xy =00 212
[t
ZT =0(Xm) (2.13)
n=1

m k

Pa o]
=0(X,)
ng P m 2.1.4)
and

m
Z X ,|A%2,| < o (21.5)
n=1

are satisfied, where {, is the (C, l) mean of the sequence (Nay).then the series Zanln is summable
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‘N Pal, k=1 wheret,isthe (C, 1) mean of the sequence (Nay).

Subsequently Leinder® established a similar result reducing certain conditions of Bor and Debnath?. He
established:

Theorem 2.2:
Let the sequence (X,,) be a quasi-S3-power increasing sequence for 0 < 8 <1, and (An) be areal

sequence satisfying the conditions
m

Z An =0O(m) 2.1)
n=1
and
m
Z A% |=0O(m). (222)
=1
Further, suppose the conditions (2.1.3), (2.1.4) and
m
Z X o (B)AJAL, | < oo (223)
n=1

hold, where Xn B) = max(nﬁ Xns log n). Then the series Zanln is summable ‘N, Py

Extending the above results to quasi-f-power increasing sequence, Sulaiman® has established the
following theorem:

k=1,
k

Theorem 2.3:
Let f =(f,)= (n” log” n), 0< p <1y >0 beasequence. Let (X ) be a quasi -f- power

sequence and (An) a sequence of constants satisfying the conditions

An > 0asn— o, (23.1)
ann\A\MnH <o, (232)
n=1
2| X, =0(1), (233)
o0 1 K

—t.|" =0(X
;nxﬁ_l ol (Xm), (2.3.4)

and

> P L ~o(x,)
S = , (2.3.5)
2, il Ol
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k>1

where t;, is the (C, 1) mean of the sequence (Nay,). Then the series Zanln is summable ‘N, Pn "

Recently Paikray et al.* established the following theorem:

Theorem 2.4:

Let f =(f,)= (nf’ log” n) be a sequence and (X,) be a quasi-f-power sequence. Let (An) a
sequence of constants such that

Aqp = 0,85 N —> o, 24.1)
2l < (242)
n=1
[ [Xn =0, 043
Zm: (PnJ5k—11=O(PmJ5k—l
n=v+1 Pn Pn—l Pm ! (2.4.4)
o0 ok-1 k

Pn J ta)

o =0(Xp)

é( Pn)  Xg " (245)
0 Kk k

Py J ta)

— =0(Xp)
nz;(pn anIf_l m7. (2.4.6)

Then the series Zanln is summable ‘N, Pn;o " k>1,62>0.

In the mean time Bor? has established the following theorem:
Theorem 2.5:

Let A, € BV. Let (Xp) be quasi - (cr, ;/) —power increasing sequence, ¥ > 0,0 < o <1 and there be
sequences (B, ) and (4,) such that

[AZn| < By (25.1)
pn—0,a n—> o, (25.2)
Z NX | ABy| <0 (253)
n=1

X =0() (25.4)
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If (pn ) is a sequence such that

F)n :O(npn)
I:)nApn = O(Pn I:)n—l)

m &K k
Z[P”j M=O(Xm), as m— oo,
Pn

n
n=1

m k-1 k-1
Z(P”J ! =0 (PVJ S , S M— o,
n=1 Pn Pn—l Py I:)v .

,k21,£>520.
k k

P _
Then the series Za” —L A, issummable ‘N, Pn;d
Pn

535

(255)
(25.6)

(25.7)

(25.8)

In what follows in this paper, using quasi -f- power increasing sequence and the reference cited in®, we prove

the following new result on ‘N pn,an(5),u‘k k>1,6>0 summability:

3. Main theorem:
Theorem 3.1:

Let f =(f,)= (n/’ (Iog n)’) be a sequence and (X N ) be a quasi-f-power increasing sequence. Let

(ln) be a sequence of constants such that
A, > 0,as n— o,

0
DX g |A[AR < o
n=1

2.]X,, =0(),

(311

(312

(313)

(3.1.4)

(3.15)

(3.16)
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where (t, ) isthe n th (C, 1) mean of the sequence (na, ).

Then the series Zanln is summable ‘N, P, (0), /,t‘k k>1,6>0.

In order to prove the theorem, we require the following lemma.

4. Lemma:
Lemma4.1[3]:

Let f = (fn): (nﬂ (|og n)7),0 < B <1,y >0, beasequenceand (Xn)beaquasi f-

power increasing sequence, then

nX,A%, =0(1) (4.1.1)
and

Z:XHAAn <o, a8 M— . 412

n=1

5. Proof of the Theorem 3.1:

Let (Tn ) be the sequence of (N, pn) mean of the series Z an/ln . Then

n=1
ZpUZa A
ﬂuO r=0
72 P _P—l v
nuO
Hencefor n > 1
p n
- =— P A
n n-1 PnPn_lg u—lav v
Pn N\ 1
=_In Zvav[Pvl/lvj
PnPHUl 1%
(n+1) p p. & v+1
= 0t A va_ltviv ZPt —M
n Pn I’an—l v=l —1\/ =1
ZPt
—1 v=l

:Tnl +Tn2 +Tn3 +Tn 4 (say).
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In order to prove the theorem, using Minkowski’s inequality it is enough to show that

m w( P u(k-1) .
D (an) “(“j T, <o j=1234.

n=1 pn

Applying HO Ider’s inequality, we have

m p D
Z(an)ky n] ‘Tn,l‘k

n=1 pn

m u(k=1) k
-3 ) P] DRy

n=1 pn npn

(u-1)(k-D-1 ‘t ‘k 1

n _

x kL (Xn Mn ‘) Mn‘
n

=0(1)i(an ) P”j

n=1 Pn

m (P (u-1)(k-1)-1 ‘t ‘k
= O(l)Z(an) g nj nk_l ‘ n‘
n=1 pn X n

m-1( n (P (u-1)(k-1)-1 ‘t ‘k m )
o(1)2{ (av)”("J = JAA +O(1){Z(av)”
v=1

v v=l

_0(1)ix A2 | +O@) Xy | A
=0(1)
Next,

n-1 k
~Pn ( 1)
E t
P P pv—l vﬂ‘v v

n-1y=1

-3 (a )kﬂ[Pn e
n
n-1 Py

no o B
:oa)z(an)ﬂ[nj R [
n=1 pn —1 v=l

(u-1)(k-1)-1 k
> tm}zm
P, X,

vaj )

—1 v=l
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P (u-1)(k-1)-1 1
—0(1)va_1\t 4, |" Z [ J -
n n-.

n=v+1

n o Cp YWD
RO YCOEE B
v=l v

=0(1).
Again,

n-1

k-1
L&
S IV ) R
n-1

v=l =1

oY (o, [P“
n=1

(u-D(k-1)-1
Pn J

m+1 P (p-1)(k-1)-1
O “\M\Z (j

n=v+1

k
n-1

m ) =) (u-1)(k-1) ‘t ‘k
:0(1)2(%)“('0”} (VA4 ])
v=l v

k-1
vX,

v=1\ r=1 Pr r-1 Pr

v P, (u=1)(k-1) \t ‘k m (P (u=1)(k-1)
003 Y, ( j x| V1A% omimazy 3 (@ )(J
m-1
=0 X, (-
v=l

=0().
Finally,

)+ o@mx A4,
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m P p(k-1)
-S| %)

PP vav

n' n-1 y=1

p (u-1)(k-1)-1 L 5 vt k-1
RUOICHR B ) vw[zvj

p n n-1 v=l =1

J(u—l)(k—l)—l

~0m3 Py ot Sa 1| B

n=v+1 n

1
Pn -1
k

m w( P (1-D)(k-1) ‘t‘
O (%, )
v=l pV X
(u-1)(k-1) k (u-1)(k-1) k
v P t, P t,
o<1>z{z (&) “}Amomz o)A

Pr Pr

m-1
=01 X, |A,|+O0@) mX ;|AZy|
v=l

= 0(D).

This completes the proof of the theorem.

6. Corollaries:
Corollary 6.1:

Putting 42 =1 in the conditions of our theorem, the series Zan/ln is summable
N, P @, ()], k21,620,

Corollary 6.2:

o
Putting £ =1 and «,(5) :[P”j in the conditions of our theorem, the series Zanin is
P

n

summable ‘N, pn,5‘k , k>1,6>0.
Corollary 6.3:

B
P

Putting £ =1 and «a,(5) :[“j and & = () in the conditions of our theorem, the series E apA, is
p

n
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summable ‘ N, p,

k1

7. Conclusion
The present theorem generalizes the theorem of Sulaiman® and Paikray”.
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